






THE ELEMENTS 



TBIGONOMETBY. 




THE ELEMENTS 

OF 

TBIGONOMETBY 


BY 

S. L. LONEY 


CAMBRIDGE: 

AT THE UNIVERSITY PRESS 

1947 



Printed in Orent Britain at the UniversHy Press. Catnbridge 
{Brooke CrxUchley. University Printer) 
and published by the Cambridye University Press 
Cambridge, and Bentley House. London 

Agents for U.S.A., Canada, and India: JHacmillan 



QLLONQ IQBCil LIBRORY 



11606 




s 


First Edition December 1904 ^ 

Reprinted 1907. 1911, 1916, 1920, I "A 
192.“). 1926. 1933, 1940, 

1943, 1947 


\ 

V*- 




/ 






b. 




•' 


LISRARY 


If] 


S 



PREFACE. 


npHE following work is intended for the \ise of 
J- Students commencing Trigonometry. It consists of 
the easier portions of Part L of my Plg.ne Tt^gonometry. 
but a re-arrangement has been made in order that the- 
Student may not meet with all the difficulties of the 
subject at the outset. Thus the Circular Measure of 
angles is not introduced until Chapter XIV, whilst the 
trigonometrical functions of angles greater than two 
right angles are fii-st dealt with in Chapter XV. The 
Students attention is, from the commencement, chiefly 
directed to what he would pmctically want for the 
Solution of Triangles. 

In the logarithmic part of the book I have generally 
confined the work to four and five-figure logarithms; the 
latter give sufficient accuracy for nearly all practical 
purposes, and the former for most questions that arise. 

I have however included a certain number of questions 
involving seven-figure logarithms for practice in more 
accurate working. 

In order to encourage the actual use of logarithmic 
tables, I have had printed at the end of the book 
20 pages of four-figure logarithms. I hope these will 
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be found useful in solving the many questions in the 
book where the Student is left to look out the 
logarithms for himself. These tables are those used by 
the Cambridge Local Examinations Syndicate for their 
examinations, and I am much indebted to the Syndicate 
for kindly allowing me to print them. Had the size of 
the page used been sufficient, I should have preferred 
five-figure tables, but it seemed undesirable to sacrifice 
clearness of piinting. 

The answers have generally been obtained by the 
use of a five-figure table of logarithms. The four- 
figure tables will nob always give exactly the same 
results. 

As in my larger book I have prefixed a list of the 
principal formuIa3 which the Student should commit 
to memory. These more important formulce are dis¬ 
tinguished in the text by the use of thick type. 

The number of examples being very large, a selection 
only should be attempted by the Student at a first 
reading. He should also, on his fii*st reading, omit all 
articles marked with an asterisk. 

For any corrections, or suggestions for improvement, 
I should be thankful. 

S. li. LONEY. 


lloYAi, Holloway College 
(University of London), 
Eqham, Surrey. 

Uov. 10 , 1904 . 
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CHAPTER I. 


1. Trigonometry is the name given to that brancli 
of Mathematics which deals primarily with the relations 
between the sides and angles of a triangle. 

2. In geometry angles are measured generally in 
terms of a right angle. Tliis however is an inconvenient 
unit on ficcount of its size. A right angle is therefore 
divided into 90 equal parts called Degrees. Each degree 
is divided into CO equal parts called Minutes, and eacli 
minute into 60 equal parts called Seconds. This system 
of measurement is called the Sexagesimal system. 

The symbols 1", T, and 1" are used to denote a degree, 
a nnnute, and a second respectively. 

Thus, 60 Seconds (60") make one Minute (T), 

60 Minutes (60') „ „ Degree (T), 

and 90 Degrees (90°) „ „ Right Angle. 

3. This system of measurement is always used in tlie 
practical applications of Trigonometry. It is not however 
very convenient on account of the multipliers 60 and 90. 
In a later chapter the student will meet with other systems 
of measurement. It is easy to express degrees etc. in terms 
of right angles and vice versd. 

Ex. 1 . Express 63° 14'51" in terms of a right angle. 

We have 51"=^ = 

and 14' 51"= 14-85'-= -2475^ 

uO 

63®14'61"=63-2475^=^ii^ of a rt. z 


L. E. T. 


= '70276 Ti.i. 


1 
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Ex. 2. Express 3‘4G7 rt. z * in the Sexagesimal System. 

3-467 rt. I ==3-467 x 90° = 312-0 
■03'’=-03xGO' = l-8'; 

•8'=*8xG0" = 48''. 
results312®r48". 

4. Angles of any size. 

Suppose AO A' and BOJ^ to bo 
at right angles in and suppose 
a revolving line OP(turning about 
a fixed point at 0) to start from 
OA and revolve in a direction 
i.e. opposite to that of the hands 
of a watch. 

For any position of the re¬ 
volving line between OA and OB^ 
such as 0 /^ 1 , it will have turned 
through an angle AOP^, which is 
less than a right angle. 

For any position between OB and 0A\ such as OP^, the 
angle A 01*2 through which it has turned is greater than a 
right angle. 

For any position OP 3 , between OA' and OBy the angle 
traced out is AOP^, i.e. AOB + BOA' + A'0Ps, i.e. two right 
angles + A' 0 P 2 y so that the angle described is greater than 
two right angles. 

For any position OP^t between OB' and OA, the angle 
turned through is similarly greater than three right angles. 

When the revolving line has made a complete revolution, 
so that it coincides once more with OA, the angle through 
which it has turned is four right angles. 

If the line OP still continue to revolve, the angle 
through which it has turned, when it is for the second time 
in tlie position OP^, is not AOP^ but four right angles 

+ AOP^. 


3-467 

- 

312-03 

GO 

1-8 

60 

48- 


two fixed lines meeting 

B 
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Similarly, when, the revolving lino, having made two 
complete revolutions, is once more in the position the 
angle it has traced out is eight right angles + AOP„, 

5. If the revolving line OP be l>etween OA and OB, it is 
said to be in the first quadrant; if it be between OB anti 
OA', it is in the second quadrant; if between OA' and OB', 
it is in the third quadrant; if it is between OB' and OA, it 
is in the fourth quadi-ant. 

6. Bx, TT/int is tfie position of the revolving line when it has 
fiinjcd through (1) 225°, (2) 480°, and (3) 1050°; 

(1) Since 225° = 180°+ 45°, the revolving line has turned through 
45 more than two right angles, and it is therefore in the third 
quadrant and halfway between OA' and OB'. 

(2) Since 480°= 360° + 120°, the revolving line has turned through 
120° more than one complete revolution, and is therefore in the second 
quadrant, i.e. between OB and OA’, and makes an angle of 30° with OB. 

(3) Since 1050° = 11 x 90°+ 60°, the revolving line has turned 
through 60° more than eleven right angles, and is therefore in the 
fourth quadrant, i.e. between OD' and OA, and makes 60° with OB'. 


EXAMPLES. 



Express in terms of a right angle the angles 

1. 60° 2. 75° 15'. 3. 63° 17'25". 

4. 130° 30'. 5. 210° 30'30". 6. 370°20'48". 

Mark the position of the revolving line when it has traced out the 
following angles: 

4 

7. ^ right angle. 8. 3^ right angles. 9. 13^ right angles* 


10. 120°. 11. 315°. 12. 745°. 13. 1185°. 

14. How^ many degrees, minutes and seconds are respectively 
passed over in 11J minutes by the hour and minute hands of a watch? 

15. ,One angle of a triangle is 80°12'45", and one of the other 
angles is equal to twice the third angle; find the other two angles. 

16., The snm of the base angles of a triangle is 118° 27'23" and 
the difference is 29^43^29^^; find &11 the angles of the triangle* 

Three angles of a quadrilateral are 103°15'25", 73°22'37". 
and 45 17'; find the fourth angle. 



CHAPTER IL 


TRIGONOMETRICAL RATIOS FOR ANGLES LESS 

THAN A RIGHT ANGLE. 


7. In the present chapter we shall only consider 
Jingles which are less than a right angle. 

l<et a revolving line OP start from OA and revolve 
into the position OP^ thus tracing out 
the angle AOP. 

In the revolving line take any 
point P and draw P^f perpendicular 
to the initial line OA. 

In the tnangle MOP^ OP is the 
hypothenuse, PM is the perpendicular, and OM is the base. 

The trigonometrical ratios, or functions, of the angle 
AOP are defined as follows: 



OM 


MP^ 


MP 


y i.e. 

Perp. 
Hyp. ’ 

is called the Sine of the angle AOP; 

, i.e. 

Base 

Hyp.’ 

99 

99 

Cosine 

99 

99 

y i.e. 

Perp. 
Base * 

99 

99 

Tangent 

99 

99 

y i.e. 

Base 



Cotangent 



Perp. * 

99 

99 

99 

99 

y i.e. 

Hyp. 
Perp. ’ 

99 

99 

Cosecant 

99 

99 

y i.e. 

Hyp. 

Base* 

99 

99 

Secant 

99 
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The quantity by Tvhioh the cosine falls short of unity, i.e, 
\-cosAOP, is calM the Versed Slae of AOP; also tho quantity 
1-sinJOP, by -which the sine falls short of unity, is called tho 

Corersed Sine of AOP. 

8 . It will be noted that the trigonometrical ratios 

are all numbers. 

The names of these eight ratios are written, for bre\’ity, 
sin A OP, cos AOP, tan A OP, cot A OP, cosec AOP, sec A OP, 
vers AOP, and covers AOP respectively. 

The two latter ratios are seldom used. 


9. It will be noticed, from the definitions, that the 
cosecant is the reciprocal of tlie sine, so that 

cosec^OP=-^— Wwi. 

sin A OP 

So the secant is the reciprocal of the cosine, i.e. 

sec A OP = -, 

cos A OP 

and the cotangent is the reciprocal of the tangent, i.e. 


cot A OP = 


tB.nAOP' 


Values of the trigonometrical ratios in 

some useful cases. 

10. Angle of 45“. 

I<et the angle AOP traced out 
be 45“. 

Then, since the three angles of 
a triangle are together equal to 
two right angles, 

^ O M A 

^ OPM = 180“ - ^ POM- A PMO 

= 180“ - 45“ - 90“ = 45“ POJ/. 

.-. OM=MP. 
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If OP be called we then have 

4a- = or- = OM-^ + Mr - 2 . 


so that 


and 


0M=aJ2. 


sin 45" 


_MP _ 
~ OP ~ 



1 



cos 45" = 


tan. 45" = 


OM 

OP 

MP 

OM 



y 


11. Arigle of 30". 

Let the angle MOP traced 
out be 30". 

Produce PM to P' making 
MP* equal to PM. 

The two triangles OMP and 
OMP* have their sides O^and 
MP' equal to OM and MP^ and 
also the contained angles equal. 



Therefore OP' =. OPy and ^ 0P'P = Y. OPP' = GO", so that 
the triangle P'OP is equilateral. 


Hence, if OP be called 2a, we have 


Also 


and 


i/P = iP'P = iOP = a. 


Oir =-JOr‘-Ml"=Jid--d- = a^3. 


sin 30" = 


2IP 1 
OP "2^ 


cos 30" = 


OM 
OP ~ 


afZ JZ 

2a 2 ' 


tan 30" 


MP a 1 
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12, Angle of CO”. 

i<et the angle AOP traced 
out be 60”. 

Take a point JVon OA, so 
that 

AIN = OM = a (say), 

Thetwotriangles O^l/Paiid 

NMP have now the sides OM 
and MP equal to NM and MP 
respectively, and the included 
angles equal, so that the triangles are equal. 

PN= OP^ and ^ PNM ^ ^ C0“. 

The triangle OFNis tlierefore equilateral, and hence 

0P=.0N^20M^^a. 



Henco 


MP= J0P^~- OM^ = « fs. 

sin 60 ” = :^= 

OP 2a 2' ’ 


cos GO” = 


OM 


a 


1 


OP 2a~ 2* 


and 


tan 60 ” = ^ = ?j^ 
OAI a 




M 


13. Angle of 0”. 

the revolving lino OP have turned through a vo. 
small angle, so that the angle 

MOP is very small. p 

The magnitude of MP is 
then very small, and initially, 

before OP had turned through an angle large enough 
bo perceived the quantity MP was smaller than any qua 
tity we could assign, i.e. was what we denote by 0. 

Also, in this case, the two points ^yand P very near 

coincide, and the smaller the angle AOP the more near 
do they coincide. 
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Hence, wlien the angle A OP is actually zero, the two 
lengths OM and OP are equal and MP is zero. 


Hence 


sin O'* = 


MP _ 0 
OP OP 


= 0 , 


OM OP . 

=-op = op-^’ 


and 


tan O'* = 


MP 0 
OM ~ OP 
OM 


= 0 . 


Also cot0‘’ = tlie value of —^ when M and P coincide 

= the ratio of a finite quantity to something infinitely 
small 

= a quantity which is infinitely great. 

Such a quantity is usually denoted by the symbol oo . 

Hence cot 0* = oo . 


Similarly 


And 


OP , 

cosec 0 = = CO also. 

sec0“ — - 1 


14. Angle of 90°. 

let the angle AOP be very nearly, but 
not quite, a right angle. 

"Wlien OP has actually described a 
right angle, the point M coincides with O, 
so that then OM is zero and OP and MP 
are equal 

• OA» OP , 

sin 90° = -^- 5 = 


o rvT 


Hence 


OP 

OM 


tan 90* s 


cos90* = ^X« 
MP 


OP 
0 


= 0 , 


0P~ OP 

a finite quantity 


OM an infinitely small quantity 
= a number infinitely large oo, 
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.. .o OM 0 ^ 

cot 90 =-Tw.= -— = 0 

MP MR 


OP 


sec 90 — —= CO , os in the case of the tangent^ 


and 


OM 

cosec 90* = 


OP OP 
MP ~ O P 


= 1 . 


EXAMPLES, n. 


Verify that 

1. Bin*30® + 8iu245® + sin^GO* = ?. 

2. tan230° + tan®45° + tan-GO®=4 J. 

3. C033 0° + COS* 45° + cos* 90° = -. 

2 

A Bm30°cosC0° + co830®sin60°=l. 

5. oos45°coB60°-sin45°BinG0°= 

2^2 

6. 8m*60°-Bm*30°=|tan60°cot30° 

o 


7. 

8 . 
9. 

10 . 

11 . 


and 


i oot* 30° + 3 sin* 60° - 2 oosec*60° - J tan*30°=3^. 

coseo* 45°. 860*30°. sin^SO'*. cos 60°= 1J. 

4 cot*45° - sec*60° + sin«30°= |. 

cos 60° + cos 30° J3 
Beo60° + ooseo60°” T' 


It A =30°, verify that 

(1) cos2^ =005*^ - 8in*J =2cos*^ 

(2) sin 2/1 = 2 sin/I cosJ. 

(3) cos3/1 = 4cos*/I ~3cobA, 

(4) Bin 3/1 = 3 Bin J - 4 ein*/l, 

2 tan A 




(5) tan 2A = 


l-tan*/l‘ 


12. If /I = 45°, verify that 

( 1 ) Bin 2 /l =2 8in4co8/l, 

( 2 ) coB 2 /l = l_ 2 BmM, 

-a (3) Uu2A^l^. 
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15. For every value of the angle AGP the trigono- 
metiical relations, as defined in Art. 7, have definite 
numerical values. These values are tabulated for con¬ 
secutive values of the angles. Thus Table II. at the end 
of this book contains the values (correct to four places 
of decimals) of the sines of angles less than a right angle. 
Thus its eleventh line tells us that sin 10’ = T736. 

So Table III. gives us the tangents of the same series 
of angles. For example, tan 15’ = *2679. 

By means of the relations proved in the next few 
articles these two tables give us the other trigonometrical 
ratios. 


16. To sheiv that the trujonomefrical ratios are ahvaya 
the same for the same angle. 

We have to shew that, if in 
the revolving line OP any other 
point P' be taken and RAP be 
drawn perpendicular to OA, the 
ratios derived from the triangle 
OP'AP arethesameasthosederived 
from the triangle 0PM. 

In the two triangles, the angle at 0 is common, and 
the angles at M and M' are both right angles and therefore 
equal 

Hence the two triangles are equiangular and tlierefore, 
by geometry, we have 

MP M'P' 

OP ~~OF* 

i.e. the sine of the angle A OP is the same whatever point 
we take on the revolving line. 

Since, by tlie same proposition, we have 

OJ/ OM' , MP ATP' 

OP ~ OP' OM^ OM' * 

it follows that the cosine and tangent are the same what¬ 
ever point be taken on the revolving line. Similarly for 
the other ratios. 
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If OA be considered as the revolving line, and in it bo taken any 
point P" and P"M" be dmwn perpendicular to OP, the functions as 
derived from the triangle OP'M" ntUI have the same values as before. 

For, since in the two triangles 0PM and OP"M'\ the two angles 
P"OM" and OM"P" are respectively equal to POM and OMP^ these 
two triangles are equiangular and therefore similar, and we have 

WP" MP OM" OM 

OP'~~OP' 0P’''~ 6p' 


17. Fundamental relations between the irigononietrical 
ratios of an angle. 

"We shall find that if one of the trigonometrical ratios 
of an angle be known, the numerical magnitude of each of 
the others is known also. 

Let the angle AOP (Fig., Art, 7) be denoted by f?, [pro¬ 
nounced “Theta^j. 

In the right-angled triangle MOP we have 

MP^ + OAP^OP^ .(1). 

Hence, dividing by OP*, we have 

/MP\^ / 0 j 1 /\* , 

\0p) 

i.e. (sin Oy + (cos 0)*= 1. 

The quantity (sin Oy is always written sin* 0, and so for 
the other ratios. 


Hence this relation is 

8in2^-f-cos3d = l.(2). 

Again, dividing both sides of equation (1) by OJP, we 
have 

/JfPy - /OPy 

\om) ^ ~ \om). ' 

i-e. (tan ^)* 1 = (sec 6)*, 

so that 8ec3 0 szX + tan^ 0 


(3). 
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Again, dividing equation (1) by we have 



1 + (cot QY ~ (cosec &Yi 

so that cosec^ ^ = 1 + cot2 9 


Ai • • /I . OM 

Also, since sin 6 = - - and cos 9 = ^ , 


we have 


sin 9 
cos^ 


MR ^ 0^_ MP 
OP 01^ ~ ai? ^ ^ 


Hence 

tan ^ 

cos^ 

Similarly 

cot0-£2i^ 
sin 9 



(5) . 

( 6 ) . 


18. lAmits to the vahies of the tT^gonometiAcal ratios. 

From equation (2) of Art. 17, we have 

sin®0 + cos^^= 1. 

Now sin*^ and cos"^, being both squares, are both 
necessarily positive. Hence, since their sum is unity, 
neither of them can be greater tlian unity. 

[For if one of them, say sin^^, were greater than unity, the other, 
cos-'^, would have to be negative, which is impossible.] 

Hence neither the sine nor the cosine can be numerically 
greater than unity. 

Since sin 9 cannot be greater than unity, therefore 
cosec 9y which equals cannot be numerically less 

than unity. 

So sec which equals-— cannot be numerically less 

COS u ^ 

than unity. 
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figure^of Art previous article follow easily from the 

Oil/nnrTh«‘r^®’' JrV^® AOP, neither the side 

uAl nor the side MP is over greater than OP. 

Since MP is never greater than OP, the ratio ~ is never greater 
than unity, so that the sine of an angle is never greater than unity. 

Also, since OM is never greater than OP, the ratio is never 
greater than unity, i,e. the cosine is never greater than unity. 


20. The fundamental relations of the preceding article 
enable very considerable simplifications to be made in trirro- 
nometncal formulae. It is important that the studc°nt 
should acquire considerable facility in their use 


Ex. X. Prove that 


v; 


- cos A 


+ cosA 


= cosecA -cot A. 


We have * . A^-cos. 

V 1+cosA V 1-cos- 


cos A 
1-cosA 


dl- 

cos^A 


Vl - cos® A 

by relation (2) of the last article. 


^-cosA 

siuA 


cos A 




Ex. 2. Prove that 


We have seen 
and 


^sec^A+cosec^A^ tan A + cot A. 
that sec* A = 1 + tan* A, 

cosec2A=l + cot2A, 


✓ 


so that 


sec^A +cosec2A = tan^A + 2 + cot^A 
= tan® A + 2 tan A cot A + cot® A 
= (tan A + cot A)®, 

*s/8ec*A + cosfcc®A = tan A + cot A. 


Ex. 3. Prove that 

{cosec A - sin A) (sec A - cos A) {tan A+cotA) = l. 
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The given expression 

= (^^-sinA') f —^ -cosvl^ 
\Bm^ /\C08^1 / \c« 


sin ^ cos^ 
cos^ sm^ 
1 - sin'^A 1 - cos^^ sin*/I +cos^A 


) 


sin^ * cos^ 
cos^/f 


sm^ cos^ 


sin A * cos A * sin A cos A 

= 1 . 


EXAMPLES. HX 


Provo the following statements for any angle A. 

1. (cos^+8in( co 8.«4 -ain^)® = 2. 

2. cos*^ - sin*^ =cos“/f - sin®^ =2cos*/l -1 s;l — 2sin^/f. 


3. 

4. 



6, 

7. 

8 . 

9. 



11 . 

12 . 

13. 

14. 

15. 


16. 

17. 


+cos^/I = (sin A +cos/l) (1 - sin^ cos/f). 

8in*/4 +cosr*<4 = 1 - 2sin*/l cos-^l. 

sin^ 1 + coa^ ^ 

=- ~+ —:—:—=s2 cosec^. 

1+cos^ sin/I 


1 - sin A 


\/ 1 + sin^ 
rosec A 


— seo^ - tan^. 
cosec A 


cosec ^ - 1 cosec ^ + 1 
tan + cot ^ = sec .4 cosec ^1. 
1 


= 2sec^^. 


sec A - tan A 


= BecA +tan^. 


1 - tan A _ cot ^4 -1 
1 + tan A ” oot.4 +1 * 

1 1 
1 + tan-U 1 + cot^ J 

{cot A — 1)*+ (cot^ + l)®s=2cosec^^. 
1+tan*^ _ sin^yf 
1 + cot®.4 cos*4 ' 


(sec^ 4-cos4) (sec^ - cos4) = tan®4 +sia®^. 
sec*4 - tan*4 =8ec*J +tan*^. 


coeec^^ — cot*^ = cosec®^ + cot®^. 


cosec^ 

-i-; =C08.<4. 

cot A + tan A 
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18. 

19. 

20 . 

21 . 

22 . 

23. 

24. 

25. 

26. 
27. 


005^ . sin^ 

(s in^+co3^ )(cot^ + taD.4)=rsec^+ooseo^^ 

\^cosgc-w4 — 1 =009 A coseo w4. 
cot A ~1 cot^l + l 2 

cot.4 + 1 cotvl-1 cos®^ - * 

tan^/4 +cot''*^ + 2=sec-^ cosec^^. 
tanM - sin^^ =81^4^ sec*^. 

cos«^ + sinM = 1-3 sin^.l co8=^. 
sinM - cosB^ = (BinU - cos^^) (1 - 2 sin^^ cosM). 
(sin a + coseo a)2+ (cos a + sec a)^ = tan=a + cot»a + 7 
2 versin A + cos= ^ = 1 + versiu^ A. 


21 \Ve can express the trigonometrical ratios of an 
angle in terms of any one of them. 

method of procedure is best shewn by 


1. ^^press all the tri/^onoTMtrical ratios in ten?is of the Sim. 

Let A OF be any angle 

Let the lenf^h OP be unity and let the 
corresponding length of JUP be *. 


Then 

Hence 


and 


0M= y/OP^ - MP ^= ViTir 


. ^ MP B 

™"=0? = i='’ 


1^ 

s 

/b\ 



M 


cos 


„ OM , _ 

< sin 


* « NP i 

tan 0 = = -7 _ - -- 

OM. s}\-. 8in-‘<? * 

cot B=^ _ Vrrsin^fl 

MP~ M 


coseo tf=: ^ 1 _ 1 

MP t sin $ * 

y. OP ' 
sec _= 


sin 9 


03f Vl-jS Vl-ains^ 
The last five equations give what is required. 
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Ex. 2, To express all the trigonometrical ratios in terms of 
the cotangent. 

Taking the nsuai figure, let the length 
jl/P be unity, and let the oorresponding yalue 
of OM be X. 

By geometry, 

OP= =n/i+^ 



Hence 


* z. OM X 
MP 


sin 0 = — = 
OP 

. OM 

COB 6 = - =: 


+ N^l + COt®^* 
X _ COt^ 

^ ~ Vl+a:2 ” "71+ COt^ ’ 

. ^ MP 1 1 

tan(?=- — = - =- , 

OM X cot 6 

OP sfl+x- n/ 1 +cot-^ 


sec<?= —- = 
OM 


cote 


and 


OP ^\+x^ /-- 

cosec ^ = jjp = —^ = V1 + cof-* e. 


The last five equations give 'ivhat is required. 

It will be noticed that, in each case, the denominator of the 
fraction which defines the trigonometrical ratio was taken equal 

to unity. For example, the sine is » and hence in Ex. 1 the 

denominator OP is taken equal to unity. 

The cotangent is jjp, and hence in Ex. 2 the side MP is taken 
equal to unity. 

Similarly suppose we had to express the other ratios in terms 

of the cosine, we should, since the cosine is equal to OP 

equal to unity and OM equal to e. The working would then be 
similar to that of Exs. 1 and 2. 

In the following examples the sides have numerical values. 


Ex. 3. If cos $ equal - , find the vahies of the other ratios. 

Along the initial line OA take OM equal to 3, and erect a perpen¬ 
dicular MP. 



THIGONOMETHICAL EATIOS. 

Let a hne OP, of length 5, revolve ronnd 0 nntil its other end 
this perpendicular m the point P. Then AOP is the angle7. ^ 

By geometry, .VP=VoF-'-O.V’= = 4. 

Hence clearly 

sin6^~, tan(?=|, ooscot?=:|. and 6eo(?=^ 


17 

meets 


4 . Supposing e to be an angle tohoee eine « i f„al the 
nnmcricat magnitnde of the other tHgmometrical ratiot 

Here sm «= -, so that the relation (2) of Art. 17 gives 


i.c. 


i.e. 


HeDce 


Qy+cos= 0 ==i, 


C08*^=l-l = ® 
9 9’ 


oos^ 


_V 2 2 , 

-X !• 


taut? = 


3 3 

sing ^ 1 _^ 2 _ 

C08 $ ~ 2^2 4 ' ~ ’ 

1 


4142... = -9428... 


3535..., 


°“‘^ = t^«=V2=2-828.1..., 


co 8 eo<?s- 7 —-= 3 , 
fiin^ ' 


seo 9 s 


= -i- = V?-i. 

O /rt “ J “ — 1 


cos 0 2 j ^2 4 


0606.... 


w Perpendickr 

^OK. 'With centre O, and radius 
3 inches, describe a circle to meet 

nv “rS perpendicular to 

OX. Then XOP is the angle $ re- 

ov, we find 

it to bo 2*83 iBchoB* 

cos 8 =^= 2;?!.,.94 
. OP 3 •"» 

and so for the other ratios as above. 



Al X 


L. B. T. 


2 



22. In the following table is given the result of expressing each trigonometrical 
ratio in terms of each of the others. 


18 
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EXAMPLES, rv. 

cosine. ‘"Bonometrical ratios in terms of the 

2. Express all the ratios in terms of the tangent. 

3. Express all the ratios in terms of the cosecant. 

4. Express all the ratios in terms of the secant. 

5. The sine of a certain angle is \ ; find the numerical values 
of the other trigonometrical ratios of this angle. 

6. If8in9 = j^, fi„dtan«. Verify by an accurate figure. 

7. If=in^ = ^,findtan.t,co3^,nndsec^. 

8. If cos9=|.findsin<!andcot«. Verify by an accurate graph. 

9. If co 8.<4 = —, find tauyt and coseo.,!. 

10. If tan ^ = I, find the sine, cosine and cosecant of 0 . 

11. Construct to scale au angle whose sine is | and another angle 

etd^imar “ -gle to three places 

coi?ngent "is ^S.TnS're slam’'™ tlm''L“f “"f ‘ -'>“■» 

Verif/byagraphand mLirement. 

13. 11 find taiiai and coseo.,i. 

14. If rintf + cofleo^= 24 . find the valnes of sin ? 

15. If8Bin<? = 4 + co8<?, find sin tf. 

16. If tan0+BecO=l-5, find Sint?. 

17. If cot ^ +cosec 5, find cost? 

18. If3sec<<l + 8 = 10 sec=». find the values of tan d. 

19. If tan-t? + 8ec5 = 6, find cos 

20. If 8 tan= 0 + cot= »=4, find the values of tan d. 

21. If 8ec’^ = 2 + 2tan0, find tan 0 . 

22. If tan d , find sin e and cos 6. 


2—2 
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23. Complementary Angles. Def. Two angles 
are said to be complementary when their sum is equal to a 
right angle. Thus, any angle B and the angle 90“^ — B are 
complementary. 

The complement of 30® is 90®— 30®, i.e. 60®. The complement of 
20® 45' is 90® - 20® 45', i.e. 69® 15'. 


24. To Jind the relations between the trigonometrical 
ratios of two complcmentai'y angles. 

Let the revolving line, starting from OAy trace out any 
acute angle AOPy equal to B. 

From any point P on it draw 
PM perpendicular to OA. 

Since the three angles of a 
triangle are together equal to 
two right angles, and since OMP 
is a right angle, the sum of the 
two angles MOP and 0PM is a 
right angle. 

O O 

They are therefore complementary and 

i^OPM^W-B. 

[When the angle 0PM considered, the line /’J/’isthe 
“base” and MO is the “peipendicular.”] 

We then have 

s\tiMPO = ~ = cozAOP =C0S^, 



Bin (90’ — 0) = 


PO 

PM 


cos (90’ - 0) = cos MPO = ^ = ^xnAOP = sin By 


tan MPO = = cot A OP = cot By 

JrM 

PM 

cot MPO = ^ = tan ^0/* = tan^, 

MU 

PO 

cosec (90’ ~ B) = cosec AlPO — -jjq = sec >1 OP = sec By 


tan(90’-^>) = 
cot (90’-^)- 


and 


PO 

sec (90’ — B')— sec MPO = go^cAOP= cosec 6, 


> neOQ, 
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Hence we observe that 

the Sine of any angle = the Cosine of its complement, 
the langent of any angle = the Cotangent of its complement, 
and the Secant of an angle = the Cosecant of its complement. 

Prom this is apparent what is the derivation of the 
names Cosine, Cotangent, and Cosecant. 

25. The student is adWsed before proceeding any 
m ^ ^ make himself quite familiar with the following 
lable, [For an extension of this table, see Art. 43.] 


Angle 

Of 

30» 

450 

60'> 

900 

Sine 

0 

1 

1 

73 

1 


2 

n /2 

2 

Cosine 

1 

v/3 

1 

1 

0 

1 


2 

72 ^ 

2 

Tangent 

0 1 

1 

1 

73 

1 

CO 

Cotangent 

00 

1 

V3 

1 

1 

73 

0 

Cosecant 

00 

2 

72 

2 

73 

1 

Secant 

1 

2 

3 

72 

2 

00 


If the student commits accurately to memory the portion 
of the above table included between thick lines, he sliould 
be p.ble to easily reproduce the rest. 


For 

of w respectively the cosines 

0 • (Art, 24.) 
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(2) the cosines of GO^’ and 90“ are respectively the sines 
of 30“ and 0“. (Art. 24.) 

Hence the second and tliix'd linos are known. 


(3) The tangent of any angle is the result of dividing the 
sine by the cosine. 

Hence any quantity in the fourth line is obtained by 
dividing the corresponding quantity in the second line by 
the corresponding quantity in the third line. 

(4) The cotangent of any angle is the reciprocal of tlie 
tangent, so that the quantities in the fifth row are the 
reciprocals of the corresponding quantities in the fourth row. 

(5) Since cosec Q . , the sixth row is obtained by 

' ' sin 6 

inverting the corresponding quantities in the second row. 


(6) Since sec ^ — —r-r, the seventh row is similarly 
' ' cos B 

obtained from the third row. 




CHAPTER III. 

SIMPLE PROBLEMS IN HEIGHTS AND DISTANCES. 


26. One of the objects of Trigonometry is to find tlie 
distances between points, or the heights of objects, without 
actually measuring these distances or tlicse Iieights. 


27. Suppose 0 and P to be two points, P being at a 
higher level than 0. 


Let OM be a horizontal line 
drawn through 0 to meet in M 
the vertical line drawn throush 

P, 

The angle MOP is called 
the Angle of Blevation 
of the point P as seen from 0. 



Draw PN parallel to MO, so that PN is the horizontal 
line passing through P, The angle NPO is the Angle of 
Depression of the point 0 as seen from P. 


28. Two of the instruments used in practical work are the Theodo¬ 
lite and the Sextant. 

The Theodolite is used to measure angles in a vertical plane. 

^ In its simple form, it consists of a telescope attached to a flat 
piece of wood. This piece of wood is supported by three legs and can 
be arranged so as to be accurately horizontal. 

. at O and horizontal, and the telescope being 

mitially pointing m the direction Oil/, the latter can be made to 
rotate in a vertical plane until it points accurately towards P. A 
paduated scale shews the angle through which it has been turned 
from the horizontal, t.e. gives us the angle of elevation JdOP, 
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Similarly, if the instrument were at P, the angle EFO through 
wliich the telescope would have to be turned, downward from the 
horizontal, would give us the angle iVPO. 

The instrument can also be used to measure angles in a horizontal 
plane. 

29. The Sextant is used to find the angle subtended by any two 
points D and P at a third point F. It is an instrument much used 
on board ships. 

Its construction and application are too complicated to bo here 
considered. 


30. e shall now solve a few simple examples in 
heights and distances. 


vertical flagstaff stands on a horizontal plane; from ii 
point distant 150/eet from its foot, the angle of elevation of its top is 
Jound to be 30®; find the height of the flagstaff. 

Let MP (Fig. Art. 27) represent the flagstaff and O the point from 
which the angle of elevation is taken. 

Then 0i\/=150 feet, and / il/OP=:30®. 

Since PMO is a right angle, we have 

MP 1 

^y^=tauJl/OP=tan30®=~(Art. 11). 

. OM 150 150.^3 ,,, 

Now, by extraction of the square root, we have 

^/3= 1-73205... 

Hence jJ/P=50 x 1-73205... feet=86*60.feet. 


2. A man wishes to flnd the height of a church spire which 
stands on a honzontal plane; at a point on this plane'he finds the 
angle of eUvation of the top of the spire to he 45®; on walking 100 feet 
toward the tower he finds the corresponding angle of elevation to he 00®; 
deduce the height of the toioer and also the original distance of the man 
from the foot of the spire. 
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We are given ^5 = 100 feet, 

/ J//(P=45°, 

Zil/PP=60°. 


and 


We then have 


and 


Hence 


AM 

— = cot 45®, 


AM^x^ and BM= 


jr 




s/a 


v/3-l 


/3 


. _^_100s/3_100s/3(^/3 + l) 

s/3-1 3_1 —y0(3 + ^3) 

= 50[3 + 1-73205...] = 23G-G... feet. 

236".!" Sr"’ to 


let Cfl bl towe!“‘ “•’'‘'"'“tion. BA the height of the clifT. and 

Draw horizontally, SO that zPVlC=30®and Z/;^D=60®. 



Let * feet be the height of the tower 
•»» BO that C'JS=.4B-a:=5 200-x 


produce DC to meet -415 in 
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Since i ADB= zDiJ£ = 60° (Euc. i, 29), 

Dfi = ^iJcot/4DB = ‘>00cot60‘’ 


Also 


so that 


a: = 200-~ =133^ feet. 


200 

V3- 


EXAMPLES. V. 


[The $tudeHt should verify some of the following examples by an 

accurate figure and measurement.] 


1. The string (supposed straight) of a kite is 500 yards long and 
makes an angle whose sine is ^ with the ground; find the height 
of the kite. 

2. Assuming Snowdon to bo 3G00 feet high, find the distance 
(measured in a straight line) from its top to a point on the sea^Ievel 

3 

where the angle of elevation of the top is an angle whose sine is g. 

3. At a distance of 770 feet from the base of the tower of 
Strasburg Cathedral the angle of elevation of the top of its spire is 
31*^; given that tan 31*^=:'G, find the height of the spire. 

4. From the top of a cliff, 200 feet high, the angle of depression 
of a boat is found to be 30*^; find the distance of the boat from the 
foot of the cliff. 


5. A person, standing on the bank of a river, observes that the 
angle subtended by a tree on the opposite bank is GO^*; when he retires 
■10 feet from the bank he finds the angle to be 30^; find the height of 
the tree and the breadth of the river. 


@, At a certain point the angle of elevation of a tower is found to 

3 

bo such that its cotangent is g; on walking 32 feet directly toward the 

2 

tower its angle of elevation is an angle whose cotangent is = . Find 

o 

the height of the tower. 

7. At a point A, the angle of elevation of a tower is found to be 

5 

such that its tangent is ^ 3 ; on walking 240 feet nearer the tower the 

X A 

3 

tangent of the angle of elevation is found to be - 7 ; what is the height 

4 

of the tower? 


8 . Find the height of a chimney when it is fonnd that, on walking 
towards it 100 feet in a horizontal line through its base, the angular 
elevation of its top changes from 30^ to 45*^. 
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top o( a cliff, 200 f.-ct above the eea-Ievel 

foTn:n.'^*f=• ?"f '‘I" tl**^ shiprif tho line 

joining them points to the base of the cliff. ^ 

10. From the top of a cliff an observer finds that tho ancles of 
depression of two buoys in the soa are 39® and 2G® resiiectively • the 

ItTe L't o^'th^r them pS strai^t 

at the foot of the chff; bud the height of the cliff and the distanco^of 

and cX39^=T:23i9'“ 26®=:2-0503. 

nW thrtin.W^ h a point on the horizontal 

plane through its base where it subtends an angle of 45®, the ancle of 

elevation of tl^ top of a vertical flagstaff on the top of the tower is 

tbr/ag^toa? ’ the tables give tan 52->=l-28: wbat is the height of 

T'’'! elevation of the top of an unfiniaheil tower at a 

^mt distant 120 feel from ita base is 4o»: how much higher must 

may br7o4° =“me point 

C0“^at a a?,'? °J ‘'>0 ‘op of n tower is observed to be 

is finid to ^ fi i* •‘’“,‘“1“' observation the elevation 

ilistouM frl . 1 ?® ' ‘j'o, ■'O'elit of the tower and its horizontal 

uidiauc6 frotu the points of observation. 

ancle of j tree broken over by the wind makes an 

nobit *1 * distance from the root to the 

U Ihe he?ghf of th^e trel'?° i 

«w. horizontal distance between two towers is 60 feet and the 

as seen from the top of the 

second, which IS loO feet high, is 30®; find the height of the fi^rst. 

whii^ii 8'^° of a roadway 

Tvli 1 feet wide; at a point in the roadway between the pillars 

heLh^r^rt*!® f 30®; find their 

Height and the position of tho point. 

thelLd3^*“f of the 8un when the length of 

the shadow of a pole is ^3 tunes the height of the pole ? 

be Bhadow of a tower standing on a level piano is found to 

1 rove that the height of the tower is 30 (1 +>^3) feet. 

tha?®'i}-nc- 23 hf«“?* and C such 

tnat _BC -2 mUes. A vessel approaches Z? in a line perpendicular 

to the oowt and at a certain point AO found to subtondan angle 

to 8ubt6n^l2^0® same direcUon for ten minutes is found 

w subtend 120 ; find the rate at which the ship is going. 



CHAPTER IV. 

APPLICATION OF ALGEBRAIC SIGNS TO 

TRIGONOMETRY. 

31. Positive and Negative Angles. In Art. 4, 
in treating of angles of any size, we spoke of the revolving 
lino as if it always revolved in a direction opposite to that 
in wliich the hands of a watch revolve, when the watch is 
held with its face uppermost. 

This direction is called counter-clockNvise, thus 

When the revolving line turns in this manner it is said 
to revolve in the positive direction and to trace out a 
positive angle. 

When the line OP revolves in the opposite direction, 
i.e. in the same direction as the hands of the watch, it is 
said to revolve in the negative direction and to trace out 
a negative angle. This negative direction is clockwise; 
thus 

32. I^et the revolving line start from OA. and revolve 
until it reaches a position OPy which 
lies between OA* and and which 
bisects the angle A'OB'. 

If it has revolved into the positive 
direction, it has traced out the jxisitive 
angle whose measure is + 225*. 

If it has revolved in the negative 
direction, i.e. through OB^ it has traced out the negative 
angle —135*. 
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Again, suppose we only know that the revolving line 
is in the above position. It may have mticle one, two, 
three... complete revolutions and then have described the 
positive angle + 225“. Or again, it may have made one, 
two, three... complete revolutions in the negative direction 
and then have described the negative angle — 135“. 

In the first case, the angle it has described is either 
225“, or 360“ + 225“, or 2 x 360“ + 225“, or 3 x 360“ + 225“ 
.i.c. 225“, or 585“, or 945“, or 1305“.... 

In the second case, the angle it has described is — 135“, 
or - 360“ - 135“, or - 2 x 360“- 135“, or - 3 x 360“ - 135“ 
. 135 , or —495 , or — 855“, or — 1215“.... 

33. Positive and Negative Lines. Suppose that 
a man is told to start from a given milestone on a straight 
road and to walk 1000 yards along the road and then to 
stop. Unless we are told the direction in whicli he 
started, we do not know his position- when he stops. All 
we know is that he is either at a distance 1000 yards 
on one side of the milestone or at the same distance on the 
other side. 

In measuring distances along a straight line it is there¬ 
fore convenient to have a standard direction ; this direction 
is called the positive direction and all distances measured 
along it are said to be positive. The opposite direction is 
called the negative direction, and all disUnces measured 
along it are said to be negative. 

The standard, or positive, directions for lines drawn 
parallel to the foot of the page is towards the right. 

The length OA is in the positive direction. The length 
OA' is in the negative 
direction. If the mag- A' 

nitude of the distance- - -g-^ 

OA or OA' be a, the 

point ./I is at a distance +a from 0 and the point .4^ is at 
a distance — a from 0. 

All lines measured to the right have then the positive 
sign prefixed; all lines to the left have the negative sign 
prefixed. 
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If a point start from 0 and describe a positive distance 
OAy and tlien a distance AR back again toward O, equal 
numerically to b, the total distance it has described 
measured in the positive direction is OA + ABy 

i.e. + ft + (— 6), i.e. a — h. 

34. For lines at right angles to AA'y the positive 
direction is from 0 towards the top of the page, i.e. the 
direction of OB (Fig. Art. 32). All lines measured from 
0 towards the foot of the page, i.e. in the direction OB'y 
are negative. 

35. Trig<ynoinetricnl ratios for an antjle of any mayni- 
tvAjLe. 

Let OA be the initial line (drawn in the positive 
direction) and let OA' be drawn in the opposite direction 
to OA. 

Ijct B07I be a line at right angles to OAy it.s positive 
direction being OB. 


B 



L#et a revolving line OP start from OA and revolving 
in either direction, jKJsitive or negative, trace out an angle 
of any magnitude whatever. From a point P in the 
revolving line draw PM perpendicular to AOA'. 

[Four positions of the revolving line are given in the figure, one in 
each of the four quadrants, and the sutlixes 1, 2, 3 and 4 are attached 
to P for the purpose of distinction.] 

"We then have the following definitions, which are the 
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same those given in Art. 7 for ti,e simple cwse of an 
acute angle: 


AlP 

OP 

is called the Sine of the 

angle A0l\ 

OM 

OP 



Cosine 


MP 

OiM 

yy 

f» 

Tangent 


OM 

MP 

)> 

y > 

Cotangent 

>> 

OP 

OM 

)) 

yy 

Secant 


OP 

MP 

n 


Cosecant 




36. In exactly the same manner as in Art. 17 it mav 
^ shewn that, for all values of the angle AOP (=5), we 

Bln2^ + cos2^ = l, 



and 


sec2 0 = 1 + tan2 0 , 
cosec2 0 = 1 + cot2 0 . 


37. Signs of the trigonometrical ratios. 

First quadrant. Let the revolving line be in the first 
quadrant, as OP^. This revolving line is always positive. 

Here and are both positive, so that all the 

trigonometrical ratios are then positive. 
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Second quadrant. Let the revolving line be in the 
second quadrant, as Here is positive and 

is negative. 

The sine, being equal to the ratio of a positive quantity 
to a positive quantity, is therefore positive. 

The cosine, being ecjual to the ratio of a negative 
quantity to a positive quantity, is therefore negative. 

The tangent, being equal to the ratio of a positive 
quantity to a negative quantity, is therefore negative. 

The cotangent is negative. 

The cosecant is positive. 

The secant is negative. 

Third quadrant. If the revolving line be, as OP^y in 
the third quadrant, we have both M^P^ and negative 

The sine is therefore negative. 

The cosine is negative. 

The tangent is positive. 

Tlie cotangent is positive. 

Tlie cosecant is negative. 

The secant is negative. 

Fourth quadrant. Let the revolving line be in the 
fourth quadrant, as OP^. Here M^P^ is negative and 
OJ /4 is positive. 

The sine is therefore negative. 

The cosine is positive. 

The tangent is negative. 

Tlie cotangent is negative. 

The cosecant is negative. 

The secant is positive. 

The annexed table shews the signs of the trigono¬ 
metrical ratios according to the quadrant in which lies 
the revolving line, which bounds the angle considered. 
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B 


fiin 4 - 
cos 

tan — 
oot 

cosec + 

600 - 

A* O 


6m 

— 

COB 


tan 

+ 

cot 

+ 

C03CC 

- 

BCO 



Bin 4 . 

003 4 

tan 4 
cot 4 
cosoc 4 

BCC 4 



sin ^ 
003 4 


tan 

cot * 
coseo — 
SCO 4 




[SCELLANEOUS EXAMPLES. 



1. Draw the angle whose sine is | and the angle whose tangent is ~ \ 
measure them with a protractor. 

2. Construct the angle ^vhoee sine isp and the angle whose cosine 

g 

i3 J 3 ; find by measurement the sine of the sum of the two angles. 


3. A balloon starts Tertically at a distance of 1000 feet from the 
observer ; when it has risen a certain height be observes its angle of 
elevation to be 45®, and at a certain time later he &ids it to be 68 °: 

pven that tan 68 ° =r 1 * 6 , find how far the balloon had risen between the 
two observations. 


4. If sin 9 equal 

5. If 

prove that 


X^— y* 

» find the values of cos $ and cob 6. 
j»*4-2mn 


ar’ + y' 


sinds 


tan $ =s 


7w2+2mn + 2n®’ 
»n* + 2jnn 
2mn + 2n** 


6 . If 
prove that 


008 0-sin ^=,^2 8 m 0 , 
coa0 + 8m0=r^2 cos $. 


L. E. T. 


3 
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[Exs> VI. 


7. Prove that 

cosec*a - cot* a= 3 cosec^o cot’^a + l. 

8, Express 2 sec^ ^ - sec^/I - 2 cosec^ y( + cosec* .<4 
in terms of tan A. 


9, Solve the equation 3 cosec^ ^ = 2 seo 


10, A man on a cliff observes a boat at an angle of depression of 
.30®, which is making for the shore immediately beneath him. Three 
minutes later the angle of depression of the boat is 60°. How soon 
will it reach the shore ? 

11, Prove that the equation sin 9 s x + ~ is impossible if ;c be 

X 

real. 



x=xj. 


Shew that the equation 8eo'^= 


Axy 


is only possible when 


By drawing the angles as accurately as possible, and by measure* 
ment, find the values of the following, and compare the answers 
obtained with the values given on Pages 224—281: 

13. sin 29°. 14. sin 71°. 15. tan 42°. 

16, 008 43°. 17. cot 49°. 18, ooBec72°, 

19. seo 61°. 



CHAPTER V. 

trigonometrical functions of connected 

ANGLES. 


[On a first reading of the snbject, the student is recom¬ 
mended to confine his attention to the first of the figures 
given in Arts. 38, 39 and 40.] 

^ 38. To find the ti'igonomeU'ival ratios of an aunh 6\ 

zn terms of those of 6, when 0 is less than two right angles. 



Ut the revolving line, starting from OA, revolve 
througfi any angle 0 and stop in the position OP. 

Draw W perpendicular to OA (or OA produced) and 

produce It to F, so that the lengths of PAf and MF are 
equal. 


* geometncal triangles HOP anA MOP', we have 
the two sides Oy and HP equal to the two OM and 
and the included angles OMP and OMF are ri^ht 


3—2 
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Hence, the magnitudes of the angles MOP and MOP* 
are the same, and OP is equal to 0P\ 

In each of the figures, the magnitudes of tJie ande 
AOP (measured *^) and of the angle AOP' (measured 
are the same. 


Hence the angle AOP' (measured is denoted by —6. 

Also MP and MP are equal in magnitude but are 
opposite in sign. (Art. 34.) We have therefore 


and 


sin (— B) = 
cos (— 9) = 


tan (— 0) = 


cot (— 0) — 


cosec (— 0) = 


MF - MP 


OF OP 


OM 

OF 

MF 

OM 

OM 


OM 

OP 


= — sin 9^ 
= cos 9y 


= 7.^,- = - han 0 , 


-J/P 

OM 

OM 


MF - MP 
OF OP 


M^ -MP 


OF 

sec(-^)4J 


OP 

OM 


= — cot 0y 


= — cosec 0y 


= sec 0. 


[In this article, and the following articles, the values of the last 
four trigonometrical ratios may be found, without reference to the 
figure, &om the values of the first two ratios. 


Tims 


tan( -d) = 


cot ( - ^) = 
coseo ( - ^) = 
seo (— 9)= 


Rin(-tf) - sin 


cos ( - 0) 

cos^ 

cos {~0) 

COB0 

sin ( - «) ” 

- sin 0 

1 

1 

Bin(-0)~ 

— sin 0 

1 

1 

— i 


= - tan 0, 


= - cot 0, 


=s > cosec 


cos(-^) cos(7 


=seo^.3 


and 
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and 


sin (-30°)= - sin 30®= -J, 

ton (- C0°)= - tan C0°= -^3, 
cos (-45°) = cos 45°= -L . 


*''V°'‘">netrical ratios of the angle 
(aO - 6) %n terms of those of 9, when 6 is less t/um two 
rujfd angles. 

The relations have already been discussed in Art 24 
tor values of 6 less than a right angle, ^ 

revolving line, starting from OA, trace out any 
angle A OP denoted by $. ^ 

To obtain the angle 90“ - let tl.e revolving line rotate 

to B and then rotate from B in the opposite direction 

through the angle B, and let the position of the revolvino- 
line be then OF. ® 


The angle AOF is then 90“ - 0. 

Take OF equal to OP, and draw FM' and PU nor- 
pendicular to OA^ produced if necessary. Also draw FN' 
perpendicular to OB, produced if necessary. 

In each figure, the angles and BOF are nuinericallv 
equal, by construction. ^ 



Hence, in each figure, 



^ aMOP = ^ NVF = ^ 0FM\ 
since ON' and M'F are parallel. 


[For, in the second figure, 

z5fOP=2 rt. - z.40P=2rt. / • - /P'OP= iN’OP'Jl 
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Hence the triangles MOP and M'PO are ecjual in all 
respects, and therefore OM=^M'P numerically, 

^ti^d OM' = MP numerically. 

Also, in each figure, OM and M'P are of the same 
sign, and so also aro MP and 0M\ 

i.e. OM—-^M'P^ and OM' = + MP. 

Hence 


sin (90“ - 0 ) = sin AOP = 


M'F OM 


cos (90" - = cos d 0/>' = - 


OP 

OM' 


OP 


= cos 0 . 


_ • a 

GP ~ OP 


tan(9O"-0) = timAO/>' = 


M'P OM 


OM' 

OM' 


MP 

MP 


— cot 0, 


cot (90" -e) = cot A0P=. tan <9, 


sec(90“-^) = secA07>' = 


and 


APP OM 

OP OP 
OM' ~ MP ~ 


cosec (90" — 6) = cosec AOP 


OP OP 


40. To find the triyonomelric.nl ratios of tJie angle 
(90 + in terms of those of 0^ when 0 is less than two 
right angles. 



Let the revolving line, starting from OA^ trace out any 
angle Q and let OP be the position of the revolving line 
then, so that the angle AOP is Q. 
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tlu-ough a right angle f.-o.n 

the augtio>^‘i: PTel 

Take OP'equal to OP and draw P,}[ and E^^ peiT>en 
dici^ar to ^0 produced if necessary. I„ e^ich figurrsl^co 

POM IS always a right angle. 

Hence ^MOP ~ ^FOM'^ Z,OFU\ 

aiirl^^I^^^ ^>-J^and U’F are numerically equal, as also MP 
and OM are uuuiericiilly equal. 

J/P^anr^jr^h'®’ 

JilF and OM have the opposite sign, so tliat 

M'F = + OM, and OM' = -MP. 

We therefore have 

sin (90“ + fl) = sin .a OP-=:!?££!= ^ _ « 

OF OP "" ®o®"> 

cos (90-+ 0) =C03^ 0P= 

' ' rv —pyrr = “ sin u, 


OF 

M'F 


01 
OM 


and 


tan(90’ + ^)=tan^OP'=lt-L _ . . 

OM' - MP ^ 

^ot{W+ 6) = cotA0F=^~¥' _-^^P 

M'F~ ^M — 

sec (90“ + $) = sec AOF = ~ ^ n 


cosec (90“ + d) = 00560.^0/^= n 

M'F'OAL ^ 


sin 160® 

COB 135® 
tan 120®: 


sm(90®+60®)=coB60®= 

co 8(90®+45®)= -Bm45®= - A 

tan (90®+30°)= - cot 30®= -^3. 


and 
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41. Supplementary Angles. 

Two angles are said to be supplementary when their 
sum is equal to two right angles, i.e. the supplement of 
any angle & is 180° — 

Szs. The supplement of 30° = 180®- 30®s=150®. 

The supplement of 120^=180°- 120® = 60°. 


42. To find the values of the trigonometrical ratios of 
the angle (180° — ^) in terms of those of the angle By when 
6 is less than two right atujles. 



Let the revolving line start from OA and describe any 
angle AOP(=■$). 

To obtain the angle 180° — ^, let the revolving line 
start from OA and, after revolving through two right 
angles {i.e. into the position OA’), then revolve back 
through an angle 0 into the position OP'. The angle 
A'OP' is then equal in magnitude but opposite in sign 
to the angle AOP. 

Also the angle AOP' is 180* — ^. 

Take OP’ equal to OP, and dniw P'M' and PM 
perpendicular to AO A'. 

The angles MOP and M'OP' are equal, and hence the 
triangles MOP and M'OP' are equal in all respects. 

Hence OM and OM' are equal in magnitude, and so 
also are MP and M’P'. 

In each figure, OM and OM' are drawn in opposite 
directions, whilst MP and M'l^ are drawn in the same 
direction, so that 

OM' = - OM, and M'P' ^ + MP. 


CHAPTER VL 


TRIGONOMETRICAL RATIOS OF THE SUM AND 
DIFFERENCE OF TWO ANGLES. 

tOa a first reading of the subject, the student is recom¬ 
mended to confine his attention to the first of the figures 
given in Art. 44.] 

44. Theorem. To prove that 

siu (.1 + 7?) = sin A cos B -h cos A sin 
arid cos (A -h />) = cos A cos B — sin A sin B. 



Let the revolving line start from OA and trace out 
the angle AOB ( = A), and then trace out the further 
angle BOC{=B). 

In the final position of the revolving line take any 
point Py and draw PM and PN^ perpendicular to OA and 
OB respectively; through W draw JVB parallel to AO to 
meet MP in P, and draw perpendicular to OA. 

The angle 

PPJr= 90" -^ ppp = z Ji’iYO = A JYOQ = A. 
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Hence sin (A + R) = sin .4 OP = 

' ^ OP OP 

^ QN RP ^ OK RP NP 
OP ^ OP ~ ON OP N~P OP 
= sin ui cos B + cos RPNsin B, 

sin (A + B) = sin A cos B + cos A sin B. 

Again cos (A + P) = cos A OP = 

_0Q _R^_ OQ ON RNNP 
OP OP ON OP NP OP 
= cos A cos B - sin PPiVsin B. 

cos (A + B) = cos A cos B - sin A sin B. 

45. Theorem. 7’o j)r<yve that 

sin {A — B) = sin A cos B — cos A sin B, 
aiul cos (^1 — B) = cos A cos B + sin A sin B. 

Let the revolving line starting from the initial line 
OA ti'ace out the angle AOB{^A\ and then, revolving 
in the opposite direction, tmce out the angle BOC, whose 
magnitude is B. The angle AOC is tlierefore A-B. 



Take a point P in the final position of the revolving 
line, and draw PM and PN perpendicular to OA and OB 
respectively; from N draw NQ and NR perpendicular to 
OA and J/P respectively. 
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The angle RPN =- 90“ - PNR = ^ RNB = ^QON= A. 
Hence 

An(A-B)^^KnAOGJ-^=^JlFll^QJL PR 

OP OP OP Wp 
_ QN ON PR PN 
ON OP PN~^ 

= sin X cos ^ - cos RPN sin B, 
so that sin (A - B) z= sin A cos B - cos A sin B. 

Also cos (^ - m = -^= ^ RR 

'OP OP OP 

- 29 2R RR RP 

ON OP'^ NP OP ~ B + sin NPR sin A, 

so that cos (A - B) = cos A cos B + Bin A sin B. 


46 The figures of the two precediiig articles are 
drawn for the cases when A and A are both acute angles ■ 

In anAe ‘‘““"'e that the theorems hold for 

all angles, proofs will be given in a later chapter. 

8^''® respectively the trigono- 
functions of the sum and differences of two 

r™ oft" "’n^^ functions of the angles themselves, 

TLorems"" and Subtraction 


47. Ex. 1. Fittd the vaiues of sin 75° and cos 75°. 

Bin 75°= Bin (45°+ 30°) = sin 45° cos 30° + cos 45° sin 30° 
= i- ^^4. 

y/2’ 2 

i cos 7i)°= cos (45° + 30°)=cos 45° cos 30° - sin 45° sin 80° 

v/2 2 V22 2V2 * 


Ex. 2 . 1 / A and B be acute angles and i/cos A = -and sin B=- 

find the values o/ 8ic(,4 + 5) and cos M _ n\ ^.i, 

to tft. «coni of Jecimai ^ a "clip alitZ 
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cos A 


= h ■■■ = 


sin i? — 7 ; ••• cos B 
5 

sin(.4.|-B)= 1 ^ 

o f> 6 o 


= v/ 


a 


25 5' 


(V2 + 4 6x1-4142...+4 


15 

12-4852 

15 


15 


= •8323.... 


cos 




3 + 8^2 14-3136. 

15 ~ 15 


= •9542... 



To construct the figure ; Along OX mark off Oilf equal to one inch 
and erect a perpendiciilar MP ; with centre O and radius 3 inches 
describe a circle to cut 3/P in P; then XOP is the lA. Draw OL 
perpendicular to OP and equal to 4 inches and draw L Q^ parallel to 
OP ; with centre 0 and radius 5 inches describe a circle to cut LQ, in 
Q,; then the perpendicular from on OP will be found to meet it in 
P and POQ^ is the angle B, Pro<lnce QiP to making PQn equal 
to Q^P ; then POQj is the angle B also. 

Hence z XOQ^ is A + B and z XOQ^ is A - B. 

Draw QiMi, perpendicular to OX. 


and 


On measurement, we obtain 

Qj3fi=4-16 inches and 03/2=4-77 inches. 
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examples, vm 

1 . If Bin a= I and CM /3= 1, find the value of sin (a + ^). 

2. If tan a = I and tan 1, find the value of cos {a-fs). 

3. If cos„= I and Bin . find the values of sin (a - ^ and 
COS (a + ^). Verify by a graph. 

4. If sin a= I and oos^= 1, find the values of sin (. -^) and 
cos (a +^). Verify by a graph and accurate measurement. 

5. “™“=|Bndsin^=?|. find the values of sin(a-«an,I 

sm (a + /3). 

6 . If 6 ma= Jaudco 3 ^=^, find the values of sin(a + m, 
cos (a-^), and tan (o+/ 3 ). 

Provo that 

8 . cos {A + B) cos (A-B)^ cos^ A - sin^ B. 

9. cos (450 - A) cos (45'> - 5) _ Bin (45« - A) sin {45'> - B) 

10. «J“(45°+^)cos(45«-B) + co8(45'>+^)ein(4.5°-l^^*^^^^' 

11. ^ C) , Bin (C-A) . -■^)* 

COB^iCOBlJ COS S COS Cc^s C cos .4 

12 . sin 105 ®+co6 105‘*=cob45®. 

13. sin 75®-sin 15 ®=co 8 105® + cos 15® 

14. COG a cos {y - a) ~ Bin a sin (7 - a) = cos 7 . 

48. From Arts. 44 and 45, we have, 

sin (A + B) = sin ^ cos.« + cos A sin B, 
md sin (A-B) = sin d cos .8 - cos .d sin B. 

Hence, by addition and subtraction, we have 

sin (d + 8) + sin (rl - .8) = 2 sin ^ cos 5.( 1 ) 

sin (d + 8) - sin (d - 8) = 2 cos d sin 8.(2).’ 


ajid 
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From the same articles we have, 

cos {A + B) = cos A cos B — sin A sin B, 
and cos {A ~ B) — cos A cos B + sin A sin B. 

Hence, by addition and subtraction, we have 
cos (d 4- 2?) + cos (^1 — 2?) = 2 cos A cos B. 
aiKl cos (d —B) — cos (d + 2?) = 2 sin A sin B. 

Put d + 2? - 6’, and A — B~ D, so that 



C + D 


and 



C~D 



(3). 

(■*)• 


On making these substitutions in the relations (1) to (4), 
and changing the signs of each side of the latter, we have 

C+D C-D 
sin C + sin D = 2 sin — -r — cos • 


and 


« • T% A ^ ^ ® -J 

sin C — sin D = 2 cos —^— sin 

C + D 

COB C + cos D = 2 cos —g— cos 

C + D 

cos C — cos D = 2 sin —sin 


2 

C-D 

2 

C-D 

2 

D-C 


..II, 


III, 


IV. 


[The student should carefully notice that the second 


factor of the right-hand member of IV is 

• , . C-D , 

sin —^— and not sin —^ .J 


* # 49 . These relations I to IV are extremely important and sliould 
be very carefully committed to memory. 

On account of their great importance we give a geometrical proof 
for the case when C and D are acute angles. 

Let AOG be the angle C and AOD the angle D. Bisect the angle 
COD by tlie straight line OE. On OE take a point P and draw QPR 
perpendicular to OP to meet OC and OD in Q and R respectively. 

Draw PL, QMy and RN perpendicular to OAy and through R draw 
RST perpendicular to PL or QM to meet them in S and T re¬ 
spectively. 

Since the angle DOC i& C-D, each of the angles DOE and EOC 
is—^ , and also a AOE= a AOD+z. DOE=D+ ^—. 
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Since the two trianRles J’O/? and POQ are equal in all respects, 
we have OQ — OP, and PR = PQ, so that 

RQ = 2RP. 

Hence QT=2PS, and RT=2RSy x.e. MN=^2LN=2ML. 

MQ + ^^R=TQ + 2LS=2SP+2LS=2LP. 

Also 021+ 0Nzz202f+jiIN=:202I + 2ML = 20L. 



Hence ein C+einB = + 


Again, 


2LP ^LP OP 

~ 05~^ OP* ^ = 2smI,OPco8POJ{ 

„ . C+D C~D 
= 28m—— cos 


sin C - sin D = = TR 

OQ OR OR OR 


SP SP RP 

^2 =2^ . ^=2 cos SPR Bin ROP 

^ C+D . C-D 
= 2cos —- sm— 


for lSPR = 2(P- iSPO= lLOP^ 


C + D 


Also, 


coe(7+cosI>=^"i+^=^+?-^ 

OQ ^ OR OR 

= 2 ^= 2 ^^ 

OR OP OR 

= 2 cos LOP 008 POP=2 008 ooa 

i i 


L. E. T. 


4 
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I 


Finallj, 


cosZ> - cos C= 


OX 

OR 


o^r_ ox-o?r 


_ O 2.S7J PR 
OR OR PR OR 


-2 sin SPR .sin FOR 


„ . C+D . C~D 
= 2sin—^siu —^ 


50. The student is strongly urged to make himself 
perfectly familiar with the formulae of Art. 48 and to care- 
fully practise himself in thejr application; perfect familiarity 

with these formulae will considerably facilitate liis further 
progress. 

The formulae are very useful, because they change 
sums and differences of certain„quantities into products of 
certain other quantities, and pro<lucts of quantities are 
CfLsily dealt with by the help of logarithms. 

■\Vo subjoin a few examples of their use. 

« 

Ex. .sin6g + sin4g=2 sin cos — ^ = 23 in Pgcosg. 

Ex. 2 . cos 3^ - coa70 = 2sin gj^ gin 5^ gin 2&. 

i 2 


Ex. 3. 


sin 75*^- sin 15^ 
cos 75® + co8l5®’ 

2 cos 45® sin 30® 
2 COB 45® cos 30® 


„ 75® + 15® . 75°-15® 
2 cos-^s.n - 

o 75®+ 1.5® 75®-15® 

2 cos-^- cos--^- 

tan 30® = ^ = ^ = -57735 


[This is an 'Example of the simplification given by these formulae; 
it would be a very long and tiresome process to look out from the 
tables the values of sin 75®, sin 15°, cos 75®, and cos 15°, and then to 
perform the division of one long decimal fraction by another.] 


B x . 4. Simplify the expression 

(soa ^ - cos 3^) (sin 8$ + sin 20) 
(sin 50 - sin 6) (cos 40—cos 60) ’ 
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Ou applying tli 0 formulae of Art. 48, this expression 
_ 2 siug±ggsin-y cos 

~ 2 cos H." + " sin X 2 sin sin 

^2 2 2 

_ 4. sin 2d sin^ .^in 5$ cos 36 

4. cos 3^ sin 26. sm o6 suil? ~ ^ ‘ 


. 5 . Show that 


sin a + sin/3-sin 7 -sin (a+^-y) =4 sin sin ^^sin “rJT . 
The left hand ^ ^ 

= sin a + sin /3 - [sm y + sin (a + /3 - 7 )] 


= 2 sin “ + ^ - 2 .in 

^ Z 2 Cl 


[Art. 481 


^ . a + /9 n a 
= 2 sin—cos - 




- cos 


a + /3 - 2-y 




= 2 sin 


^ <^_+a+^~2y a-ti 

+ ^ ..o.:. 2 ■*■ 2 . 2-O ' 

m nn - ^ 


= 2 sin“-±i x 2 sin^sin^-J'. 
^ z 2 


[Art. 461 


EXAMPLES. IX. 


Prove that 


sin 43®+ sin 17®=cos 13®. 


= tan24. 


cos 25“-cos35®=sin5®. 
sinJ^sinStf^ 

coa70 + cos5d ' ^ gim 

sin A + sin 3.4 
C0S4+C083A 
sin 74 - sin A 

sin 84-sin 24 =‘=08 44 sec 54. 
cos 2B + cos 24 

cos 2fi“- cos 24 ~ - ^)- 

sin 24 +8in2 P _ tan (4 + B) 
sin 24 - sin 2Z# ~ tan (A-B)' 


= cos 44 sec 54. 


cos 6 g-co84g 
sin Ctf^iTr40 


= ~ tun 0 . 


4—2 



TRIGONOMETR 7 . 


[Exs. IX 


sin A + sin 2A A 

-- = cot —. 

cos A - cos 2A 2 


sin 5i4 - sm 3^4 . . 

10. -S-i-:r-7=tftn^ 

cos3^ +COS0..1 


cos 2B - COS 2A 
sin 2I^+ sin 2A 


= tan 


sin A +sin J? , A + 7? 
COS^ +C08i> ~ ‘ 2 

sin A - sin li . A + If 

-- oot 

cos B-cos ^ 2 


cos 2o + cos 4a + cos Ca + cos 8o = 4 cos a cos 2a cos 5a. 

sin (4^-2P)+8in (47?-2X) . / . n. 

cos (-Ll - 2B) +cos(iB-2A)~ 

cos 3(? 4- 2 cos 5^ + cos 7^ _ cos 50 
cos 0 + 2 cos '60 4* cos 50 ~ cos '60 * 


=£ tan 4/1. 


= tand. 


sin A 4- sin 3A 4- sin 5.^ 4- sin lA 
cos A 4- cos 3 J 4- cos 5 A 4- coS lA 

sin (0 + tf>)-2 sin 0 + sin {0 - 4>) 
cos (o 4- ^) - 2 cos 0 4- cos {0 - <p) 

sin ^ 4-2 sin 3.^ 4*810 5/1 _ sin 3^4 
sin 3/1 - 1 - 2 sin 5A + sin lA ~~ sin 6A ’ 

sin (il - O + 2 sin A + sin (A + C) _ sin A 
sin (B - C) + 2 sin B 4 - sin (D+C)~ sin B * 

sin 0 4* sin 20 + sin 3^ _ 
cos 0 + cos 20 4 - cos 60 ~ 

sin A - sin oA + sin 2A — sin 16A 

_ JIM ftQf 

cos A - cos 5A — cos 94 4- cos 134 

cos 34 4 - cos 54 -l* cos 74 •{• cos 154 ss 4 cos 44 cos 54 cos 64. 

cos (- A + B + C) + cos {A-B + C) + cos {A+B-C) 

-^cos {A 4-B-h C) = 4 co 8 4 cosBcos C. 

sin a 4 -sin 2a 4-sin 4a 4-sin 5a=4cos ^cos ^ sin 3o. 

» A 

cos a 4- cos /3 4 - cos y 4- cos (a 4- 4- 7 ) 

1 

2 


- a4*^ 0 + y 74-a 

=.4 cos——cos - _ ■ cos 
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61. The formulae (1), (2), (3), and (4) of Art. 48 are 

also very important. They should be remembered in the 
form 

a sin A cos B = sin (A + B) +sin (A-B) ...(l), 

2 cos A sin B = sin (A + B) - sin (A - B) . . .(2), 

2 cos A cos B = cos (A + B) + cos (A —B)...( 3 ), 
and 2 sin A sin B = cos (A - B) - cos (A + B). . .(4). 

They may be looked upon as the converse of the 
formulae i—iv. of Art. 48. 


Ex-1. 2 sin 30 cos ^ = sin + sm 2tf. 

Bac. a. 2 sin 60 sin 30 = 008 20-008 80. 

Ex. 3. 2co8ll0cos20 = cosl30 + oos90. 

Ex. 4. Simplify 

BID 80 008 0 - sin 60 cos 30 
cos 20 cos 0 - sin 30 sin 40 * 

By the above formulae, the expression 

^ [sin 90 + sin 70] - ^ [sin 90 + sin 30] 

~ [cos 30 + cos 0] - ^ [cos 0 - cos 70] 

_ sin 70-sin30 
cos 30 +cos 70 
2 008 50 sin 20 

"2^8'6^r20* formulae of Art. 48, 

=tan 20. 


[The smdent should carefuUy notice the artifice of first cmployinc 
the formulae of this article aud then, to obtain a furUier siinplifi^tion 
employing the conuerse formulae of Art. 48. This artifice is often 
sucoessful in sunphfications.J 



?L£S. 



Express as a sum or difference the 
1. 2 sin 30 cos 20. 

3. 2 cos 50 cos 20. 

5. 2 sin 20 sin 0. 


following: 

2. 2 cos 30 sin 0. 
4. 2 cos 90 sin 20. 
6 . 2 sin 50 sin 70. 
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[Exfi. X. 


7. 

2 cos 70 sin 50. 

8. 

2 cos 110 cos 30. 

9. 

2 sin 54® sin 6 G^ 

10. 

^ . 70 30 

2 sin ^ cos ~. 

11. 

0-30 50 

2 sin 2 cos 2 . 

12. 

2 cos - cos-:-. 

4 4 

13, 

. 0 . 50 

2 sm 7 sin -- . 

4 4 




Prove that 

14. cos 3^ sin 0 + cos QO sin 26 = cos sin ZO. 

15. sin 6 sin 29 + sin Zd sin 00 = 8 in 40 sin 50. 

TO . 6 . 16 .30 110 

16. sin - sin Y + sm sm — =sin 20 sin 50. 

17. cos 20 cos - — cos 30 cos = sin 50 sin —. 

^ 2 




20 . 

21 . 

22 . 

23. 

24. 

25. 

26. 


sm^ sin (.4 +2i3)-sin B sin (5 +2.4) = sin (.4 -.i?)sin (A+B). 

(sin 3/i +sin^l)sin ^ + (cos3^ - cos J) cosy( = 0 . 

2 sin (.4-0 cos C - sin (A - 2(7) sin A 
2 sin (B ~ C) cos C -8in(B ~ 2C~) ~ siuB' 

sin . 4 sin 2.4+sin 3A s in 6.4 + sin 4.4 sin 13^ 

sin.fl COB 2.4 + sin 3.4 cos 6.4 +'^ir4Xeos 13^ =tan 9A. 

cos 2A cos 3/1 — c os 2 A cos 7A + cos A cos 10.4 

sin 4^ sin 3.4 - sm 2^1 sin 57+sin 4.4 sin 7A ~ ' 


cos(36“-^) cos (3G« + ^) + cos(54° + ^)cos(54°-^)=coa2 .4. 

sin (45® + /I) sin (4.5® - ^1) = i cos 2A. 

2 


sin (fi-y) cos (a - 5) + sin (7 - a) cos (^ - 5 ) 

+ sin (a — jS) coa (y — 5) = 0. 

Express 4 cos ^ cos 0 cos ~ as the sum of four cosines. 


52. To 


tan A + tan B 


jyrove tJuit tan (A -i- B\- ~_ 

1 - tan A tan B * 

Ovat tan (A - IS) = 

1 + tan.i4 tan.^ * 




lul 



TANGENT OF THE SUM OF TWO ANGLES. 65 
By Art. 44 we liave 

tau (^1 + ] }) _ sin A cos B + cos A sin B 

cos(^l+jy) cos .4 cos — sill ^ sin A 
sin A sin B 
cos A cos B 


1 - 


sin A sin 


cos A cos B 

by dividing both numerator and denominator by cos A cos B. 

tan (A + B) = Jan A + tan B 
' ' l>-tanAtanB' 

Again, by Art. 45, 

tan (A-B')^ sin (4 ~ B) _ sin AcosB- cos A sin B 

cos (A —B) cos aI cos B + sin A sin B 
sin A sin B 
cos .4 cos 5 


1 + 


sill.4 sin 


costIcosjS 

by dividing as before. 

A tan (A - B) = tan A - tan B 
' ' 1+tanAtanB’ 

**63. The formnlae of the preceding article may be obtained 
geometrically from the figures of Arts. 44 and 45. 

(1) Taking the figure of Art* 44 we have 

' ^ OM OQ-RN 

_ OQ'^OQ 

RN 


1 - 


1 - 


KN HP' 


OQ • RP OQ 

are equal, the triangles 

RPN and QON are similar, so that 

^ _qQ 

PN~ ON' 

RP PN ^ 

OQ~bN~^^^’ 


and therefore 


Hence tan (A+B)^ _ tan A + J^B _ tan J + tang 

1 - tan JJPi^ tan 1-tanAtanS* 
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(2) Taking the figure of Art. 45, we have 


tan (A -B} = 


MP 

OJ? 


QN-PR 

OQ+NR 


QR PR ^ ^ PR 

OQ OQ OQ 

. _,NH . KR PR • 


But, since tlie angles RPN and NOQ are equal, we have 


and therefore 


RP OQ 
>N ~ ON * 
PR PN . „ 

0Q = 6N^^^^ 


Hence tan (A-R)= _ tan J - tan B ^ tan ^ - tan B 

1 + tan ton B 1 + tan^tanB* 


54. As particular cases of tlie preceding formulae, we 
have, by putting B equal to 45", 


tan (A + 45") = 


tan A + 1 _ 1 + tan ^ 

1 — tan A 1 — tan A * 


and 


tan {A - 45") = 


tan .<4 — 1 

1 + tan A ' 


Similarly, as in Art. 52, 

cot (A + B) = 


we may prove that 

cot A co t R — 1 
cot A + cot £ 


and 


cot (.4 - £) = 


cot A cot £ + 1 
cot £ — cot A 


66. B*. 1 . tan 75^=tAn (45*=* + 30°) - —^ 

' 1 - tan 45® tan 30* 

_'*'^ -V3 + l (^3 + l)g 4 + 21^3 „ 

,1 3-1-2- + 

-V3 

= 2 + 1-73205... = 3-73205.... 
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Ex. a. = 

1 + tttU-10^1*11130° 

1 - 

__ ^ ^ v /3-1 _ (s/3_-.j:)a _ 4 - 2^/3 

1 ^/ 3 +^ 3 - 1 '- 2 

V3 

= 2 - 1 * 73205 ... = - 26790 .... 


EXAMPLES. XL 

= values of tan{yl+B) and 

3 

2. If tan^=y, tan P = -, find the values of Un(^+7?) and 
tan - B). 

3. If em^=- and sin.B=^, find the value of tan(^+B). 

4. If tan a= g and tan prove that a+^=45". Verifybya 

graph and accurate measurement. 

5. If tan -4=2 and ton = g . fiud the values of tan 2A , tan 2B, 
tan {2A + B) and tan (2*1 - B). 


6. Construct the acute angles whose tangents are ^ and - , and 
verify by measurement that their sum is 45®. ^ 

^ tangents of two acute angles are respectively 3 and 2- 
show by a graph, and by calculation, that the tangent of their 

difference is 


•6 “ -6 and the cosine of another is 

^erentr if-sg ne'if;.‘““* “^“‘atien. that the sine ef their 

^Bitive ^gle whose cosine is *4 and show, both by 
meaauremwt and calculation, that the sine and cosine of an angle 
which exceeds it by 45° are *93 and - *366 nearly. ^ 

who\e' 1® angle whoM tangent is 7 and the acute angle 

that the sinn measurement and calculation, 

mat the sine of their difference is approximately *61. 
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[£zs» XI. 



If tan A = 


4-^3 


ana tanB=-^^-. 
tan (A-B)=‘Z7^. 


prove that 


12. If tan *4= ”, and tan £ = find tan M + ^). 

71 +1 2«+l’ V -r ; 

Prove that 

13. tan (45° + 5) x tan (135° + 0) = -1. 

14. cot (45° + 0) cot (45° - d) = 1. 

56. Tlie formulae of Arts. 44 and 52 can be used to 
obtain the trigonometrical ratios of the sum of uiore than 
two angles. 

For example 

sin (A + R + C) = sin {A + B) cos C + cos {A + B) sin C 

= [sin A cos B + cos A sin B'^ cos C 

+ [cos A cos .5 —sin ^ sin B^ x sin C 

= sin A cos B cos C + cos A sin B cos C 

+ cosyl cos ^ sin C — sin ^ sin sin C. 
So 


cos (A + B -h C) = cos {A + B) cos C — sin (A + B) sin C 
= (cos A cos B — sin A sin B) cos 0 

— (sin A cos B + cos A sin B) sin C 

= cos A cos B cos C — cos A sin B sin C — sin A cos B sin C 

— sin A sin B cos C. 


Also 


tan ^ + C) = 

' 1 — tan {A + B) tan C 


tan A + tan B 


1 — tan A tan B 


A + tan C 


1 - 


tanyl+taa.5 


tan C 


\ — ta.nAta.nB 
_ tan A + tan B + tan G — tan A tan B tan C 
1 — tan B tan C — tan C tan A — tan A tan B 



CHAPTER VII. 


THE TRIGONOMETRICAL RATIOS OF MULTIPLE 

AND SUBMULTIPLE ANGLES. 


• trigoyionictrical ratios of an am/le 2A 

%)i tiivtns of those of the angle A. 

If in the formulae of Art. 44 we put £ = A, we have 
sin 2 A = sill A cos A + cos A sin A =zZ sin A cos A, 
cos 2 A = cos A cos A — sin A sin A = cos^ A — sin^ A 

= (1-sin^A)-siuM = 1-2sin2A 

and also 

= cos“ A •— (1 — COS" A) = 2 cos2 A — 1 ■ 
and ' 


tan 2A = 


tan A + tan A 2 tan A 
1 - tan A . tan A 1 — tan2 A * 


geometrical proof of the formulae of the 


Let QCP be the angle 24. 

With centre C and radius CP describe 
a circle, and let QC meet it again in 0. 

Join OP and PQ, and draw PN per- 
pendicular to OQ. 

By geometry, the angle 

Q0P= ~ ^QCP = A, 



aud the angle 


NPQ= L Q0P=4. 
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Hence 


also 


and 


. EP 2.VP ^A^P ^A’P OP 

= 2smVOPco8POQ, since OPQ is a right angle, 
= 2 sin A cos A ; 


cos 


CN 2CN (00+CV)-(0C'-CN) 
CP~ OQ ~ OQ 

ON - NQ ON OP NQ PQ 
OQ ~OPOQ PQOQ 
= cos^A - sin®^ ; 

.NP 


tan2X= 25 = 


2VP 


ON 


CN ON - NQ 

2 tan A 
iTtan®3* 


NQPN 
^ PVOAT 


69. To find iJie trigonoTnetricaZ functions of 3A in 
terms of those of A. 

By Al t. 44, putting B equal to 2A, we have 
sin 3A = sin (/I + 2A) — sin A cos 2A + cos A sin 2A 
= sin .4(1—2 sin* A) + cos A . 2 sin A cos 4, 
by Art. 67, 

= sin J. (1 — 2 sin* .4) + 2 sin .4 (1 — sin* .4). 

Hence sin 3 A =s 3 sin A — 4 sin^ A .(1). 

So 


cos 3.4 = cos (A + 2A ) = cos A cos 2.4 — sin 4 sin 24 
= cos4 (2 cos*4 — 1) — sin 4.2 sin 4 cos 4 
= cos4 (2cos*4 — 1) — 2co34 (1 — cos*4). 
Hence COS 3 A = 4 cos^ A — 3 cos A .(2). 


Also tan 34 = tan (4 + 2.^1) = 


tan 4 + tan 24 
i — tan 4 tan 24 


tan 4 + 


2 tan 4 


1 — tan 4 , 


1 — tan* 4 _ tan 4 (1 — tan* 4) + 2 tan 4 
2 tan 4 (1 — tan*4) — 2tan*4 


1 — tan* 4 
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Hence 


tan 3A = 


3 tan A — tan^ A 
l-3tan2A 


[The student may find it diflionlt to remember, and distingnish 
between, the formulae (1) end (2). which bear a general resemblance 
to one another, but have their signs in a different order. If in doubt, 
he may always verify his formula by testing it for a particular case, 
e.g. by putting ^=30® for formula (1), and by putting ^=0° for 
formula (2).] 


60. By a process similar to that of the last article, the trigono¬ 
metrical ratios of any higher multiples of 6 may be expressed in terms 
of those of Q, The method is however long and tedious. 

As an example, let us express cos 5^ in terms of cos 0. We have 
cos 5^=cos (3<? + 26) 

— cos 3^ 008 20 - sin 3^ sin 20 

= (4cos3 0-3cos^) (2 cos2^-l)-(3sm0-4 8m3^). 2sin cos 
= (8 cos* ^ -10 006 * ^ + 3 cos tf) - 2 cos <?. sin^ (3 - 4 sin* 0) 

= (8 cos» 0-10 cos* 0 -p 3 cos 0) - 2 cos 0(1- cos* 0) (4 cos* 0-1) 

= (8 cos* 0-10 cos* 0 + 3 cos 0) - 2 cos 0 (5 cos* 0-4 cos* 0-1) 

= 16 cos® 0 — 20 cos* 0 -l- 5 oos 0. 


EXAMPLES. Xn. 


1. Find the value of sin 2a when 

d 12 

(1) coBa = g, (2) 6ma = j^. and (3) tana = ^. 

2. Find the value of cos 2a when 

(1) cosa = ~, (2) siua = |, and (3) tana = ^. 

Verify by a graph and accurate measurement. 

3. Iftan0=:^, find the value of a COB 20-p 6 sin 20. 


Prove that 

sin 2/1 


4. 


6 . 


1 -P cos 2.4 
1 - cos 2.4 
1 -h oos 2A 


= tan A. 


= tan*/f. 


e sin 2i4 

0. T- ^sscoiA. 

1 — cos 2.4 

7. tan4-foot4 = 2co8eo24. 
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[Exs. zn. 


10 . 


11 . 


12 . 


13. 


14. 


15. 


16. 


19. 

20 . 
21 . 


— cotA= — 2 cot 2^. 9. cosec 2A + cot 2.4 = cot ^ 

1 - cos A + cos D - cos {A +1?) A B 

1 +cos^ - cod/f - coe(^ +/i) 2 2 * 

tan 5^ + tan 3^ . 

X— £r, —7—cos 26 cos 4^. 
tan 5^-tan 30 

cos .4 +sm A cosx4—sin/t ^ 

003^—sin.4 co 3 ^+sin .4 ^tan2.4. 

sin (A + 37?) + ain (3.4 + 7?) 

-Sirs-= 2 (^ + -B). 

sin 3^ + sin 2A -* sin A = 4 sin A cos ^ cos • 

2 2 

_+ IM - sin (n - 1) A A 

co3(n +1) ^ + 2co^i^ +COS (7i~l) A ~ 2 * 

sin (n + 1) /I + 2 sin nA + sin (n - 1) A A 
cos (7i - 1) A~^os'(ti+ iy7l = cot -. 

sin^x^t - sin®7? 


aw**** 

^* sin A C 08 ^^fnli cos J? ~ ^ ' 

18. ^ ^cot^-tan^^ = cot^. 


cos A 
1 - sin^ 


= tan ^45‘» + |^. 


tan (45® + 6)- tan (45® - 0) = 2 tan 20. 
sin 0 + sin 20 


1 + CO8 0+COS 20 


= tan 0. 


22 . 


1 + si n 0-C OB 0 
1 +sin0 + cos0 


= tan 


23. (sec 2^1 + 1) VsecM - 1 = tan 2^1. 


24. 8in^+8ini? + sin(^+^)=4co94cosf sin^i^-. 

2 2 2 

25. sin2(^-7) + ein2{7-a) + sin2(a-^) 

• = — 4 sin (p — y) sin (y - a) sin (a - p). 

26. cos 4a = 1 — 8 cos®a + 8 cos^a. 

27. sin 4^ = 4 sin ^ oos»/< - 4 cos .4 sin3.4. 

28. cos Ga=32 cos^a - 48 cos-'a +18 cos^a -1. 

29. sin o sin (GO® - a) sin (60° + a) = - sin 3a. 

4 

30. C03 a cos (60° - a) cos (60® + a) = ^ cos 3a. 
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SUBMULTIPLE ANGLES, 


31. 

32. 


Find, in tlieir simplest forms, the roots of tlie e<iuation 

x2-2xcot2/3-l=0. 

Find, in their simplest forms, the roots of the equation 
2 ^ - ^2 sin (45° + a). x + sin 2a = 0. 

a 


Suhmultiple angles. 

61. Since the relations of Art. 57 are true for all 
values of the angle A, they will be true if instead of A 

we substitute and tlierefore if instead of 2A we put 

O • j 

A 


Hence wo have the relations 

sinA = 2sin^cos— m 

2 2 . 

cos A = cos2 — - sin2 ^ 

2 2 

= 2cos2^_l = l_2sin2^ . (2), 

2 tan^ 

and tanA =_/os 

- . „A .(3)- 

1 — tan2 

2 

From (1), we also have 

n > A A A 

2 sm ^ cos - 2 tan $ 

smA =_I—=_ L 

cos=*i+sm»^ l + tan^^' 

by dividing numerator and denominator by cos^* —. 

nA A A 

cos---sm=- 

cos* ^ + sin* ^ 1 + tan* ~ 

Zi 2 


So 
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62. To exprctis the trigonornetrical ratios of the angle 
4- in tei'ms of cos A . 

From equation (2) of the l^ist article, we have 

cos .4 = 1 — 2 sin^ ^, 

so tliat 2 sin^ ^ = 1 — cos 

z 

and therefore 

81“2=±V -2. . 

Again, cos A = 2 cos® ^ 

so that 2 cos® — = 1 + cos A, 

z 

and therefore 

A /I + cos A 

‘>°«2=±V^4 .. 

. ^ _ 

Hence, tan ^ 1 .(3). 

’ 2 A“Vl+cosi4 ^ ' 

cos 2 


63. In e«ach of the preceding formulae it will be 
noted that there is nn ambiguous sign. In any particular 
case the proper sign can be determined as the following 
examples will shew. 


Hx. 1 . Given cos 45 ® = ^^ ^find the values of siii22^^and cos22Y- 
Tlie equation (1) of the last article gives, by putting A equal to 45®, 


sin22^ 


2S“=±>/- 


-003 46® 


= ^ 1 ^ 2 ^. 



Now sin22^® is necessarily positive, so that the upper sign must 
be taken. 
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05 


Hence 


sin22i®=i^2-^/2. 


So cos22J^=±^ 
also cos224° is positive; 




- 2^ 

+ cos 45® 
2 




003 22^®= 

^ 2 

64. To express the ti'iyoiuxinetrical ratios oj the angle 

^ ,1 

^ xn terms of sxnA. 


From equation (1) of Art. 60, we hav 


Also 


J sm -jr cos ^ = sin A . 

^ z 

. ^ A .A 
sin- 2 + cos^ 2 ~ always 


( 1 ). 


( 2 ). 


First adding these equations, and then subtnictiin' 
(1) from (2), we have ” 

• 2 ^ A 

sin + 2sm cos ^ + cos-^^ = 1 +8in^, 


and 

sm^- 

. A A Q A . 

- J sm ^ cos ^ + cos® 2 ~ ^ > 


x.e. 


ism + cos j = 1 + sm A, 


and 


(^sm - - cos = 1 - sm A; 


so that 


. A A r. - 

sin -^ + cos ^ = + VI + sm A. 


and 


yin — cos *2 —smA. 

..(4). 


By adding, and then subtracting, we have 


asln —=:±^/i+8inA+Vl-sinA 




X- & T. 


6 
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and 


2 cos —= +Vl+sinA +Vl-sinA ...( 6 ). 

The other ratios of are then easily obtained. 


65. In each of the formulae (5) and (6) there are 
two ambiguous signs. In the following example it is 
shewn how to determine the ambiguity in any particular 

Ori-S0* 


Given that am 30° is ^,Jind the values of sinl5° «»f/cos 35 
Putting A =30°, wo have from relations (3) and (4), 


♦ p 

sml5°+coBl5°=±^r:jr^iir3'0^_ 

yj'2' 


and 


iin 15°-cos 15°= ± - sin30°= 

sin positive, and cos 15° is greater than 

sin 15 . Hence the expressions sin 15° + cos 15° and sin 15° - oos 15° 
are respectively positive and negative. 

Hence the above two relations should be 

sin 15°-cos 15°=-J:- 

V2- 


sinl5° + cosl5°= + 


Hence 


sinl5°=^i, and co3l5°=-{^^. 
2V2 2^2 


66. To express (he (Tn^ononietrical ratios of ^ in terms 
of tan A. 

From equation (3) of Art. 60, we have 


tan.d = 


2‘an I 


1 — tan® 


A’ 


.*. 1 — tan® ^ = —~— tan — 

2 tan^ 2* 
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C7 


Hence 


. ^A ^ , A 1 

tair — + - - tan h- 1 

2 tally! 2 


-^1 + 


1 


1 + tan^ A 


tan-* yl 


1 


• f ^ 

.. tan + - , - ^ 

2 tan A 


^•J\ + tjin^yl 


tan yl 


. A + Vl + tan-yl — 1 
. . tan - 

2 tan^ 


(1) 


67. T!ie ambiguous sign in equation (1) can only 

be detemiined when we know something of the magnitude 
of yl. 


Given tan 15®*2 - ^3, find tan 7^®. 

Putting A = 15® wo have, from equation (1) of tlio last article. 


( 1 ). 


tAn7io_±Vi+T2T7^_l_ ±^8-V3-l 

2-^3 2-^3 . 

Now tan7J° is positive, so that we must take the upper sign. 

Hence tan7it®= (n/^ ~~ n/2) - 1 

^ 2-^3 

= ( v /6 - V 2 - 1 ) (2 + .^ 3 ) = ^6 - - 2 = - ^ 2 ) (^2 - 1 ) 


EXAMPLES. XTTT 

1. If sin ^= 2 ) sin 0=g > and ^ and ^ are acute angles, find the 

values of 8in(^+^) and sin (2^ + 2^). 

2. The tongent of an acute angle is 2*4, Find its cosecant, the 
cosecant of half the angle, and the cosecant of the sui>plement of 
double the angle. 

3. If cos a = - and cos ^ , find the value of cos , the angles 

positive acute angles. [First find the value of 

4. If cos aand sin/3=|, find the values of sin^^^ and 
2~ ^ angles a and 0 being poaitive acute axiglea* 


5—2 
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5. Given seo^=l|, find tan ^ and tanjr. Verify bj a graph. 

6 . If cos A — *28, find the value of tan —. 

7. Find the values of tan22J® and tan llj®. 

8 . If wcos A+n sin A = m, shew that cos — = — — 

9. If 8 m^ 4 - 8 in^=a and cos^ + co 8 ^ = 6 , find the values of 
cos {d - <p) and tan — 

A 

Prove that 

10. (cos a + cos + {sin a - sin /S)“= 4 cos^ —, 

2 

11. (cos o + cos /3)- + (sin a + sin /5)*=4 cos® , 

2 

12. (cos a - cos + (sin a - sin /9)®= 4 sin* ^. 

2 

13. sec (45° + 0) sec (45® - 0) = 2 sec 20. 

14. tan(45»+^) = ^l±^ = .M.l + tan^. 

15. Bin^ ( 22 i‘> + fj- .i „2 (2240 - = J^sin^. 

l + tan®(45®-^) 

17. cos® o + cos® (a + 60°) + cos® (o - 60°) = ^. 


68 . By the nse of the formulae of the present chapter we now 
find th© trigooomstric&l ratios of soid8 importAot ADgl6s» 

To find the trifjonometrical functions of an angle o/18°. 

Let $ stand for 18°, so that 20 is 36° and 30 is 64°. 

Hence 20=90°-30, 

and therefore sin 20=sin (90° - 30)=cos 30. 

2Bin0cos0=4co8®0-3cos0(Arts. 57 and 59). 

Hence, either oo8 0=O, which gives 0=90°, or 

2 sin 0=4 coa® 0-3 = 1 - 4 sin® 0 . 

4sin®0 + 26in0 = l. 
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By solving this qnadratio equation, we liave 

sin^= —. 

In our oase sin 0 is necessarUy a positive quantity. Hence we take 
the upper sign, and have 


Hence 

cos la^-N/i-Bin* 18° - 

4 

The remaining trigonometrical ratios of 18® may be now found. 

Since 72® is the complement of 18®, the values of the ratios for 
72^ may be obtained by the use of Art. 24. 

69. To find the trigonometrical functions of an angle o/3G®. 

Since coa2^ = l-.28in2d, (Art. 57), 

/. co836®=l-2sin3l8®=l 

_1 3-n/5 

^ ’ 

}=o that eos36®= . 

_ 4 ’ 

Hence 

sin 36® = 008 “ 36® = / X~ ^ ~ 2^5 

V 16 4 

The remaining trigonometrical functions of 36® may now be 
found. 

AIto, Bin<^ 64° is the complement of 36®. the values of the functions 
for 64° may be found by the help of Art. 24. 


EXAMPLES. XrV. 

Prove that 

1. aina72®-Bin260®='ii^^—. 

8 

2. ooa«48®-Bin*12°=^^^ii. 

8 

3. oosl2° + cos60® + cos84®=cos24®+co848°. Verify by a graph. 



70 


TRIGONOMETR Y. 


[£xs. XIV. 


4 sin 36° sin 72® sin 108°siu 144°«,4;. 

16 

5. Two parallel chords of a circle, which are on the same side of 
the centre, subtend angles of 72° and 144° respectively at the centre. 
Prove that tlie perpendicular distance between the chords is half the 
radius of the circle. 

6. In any circle prove that the chord which subtends 108° at the 
centre is e<]UJil to the sum of the two chords which subtend angles of 
36° and G0°. 

If d + B + C=2.S', prove that 


7. sin (S' - d) sin {S-B) + sin S sin (S - C) = sin A sin B. 

8. sin(S-d) + sin(S-B) + sin(S-C)-8mS 

.. A . B . C 
= 48m-^8m^8m^. 

9. cos^S + cos® (S - d) + cos® (S-B) + cos® (S - C) 


Prove that 


s=2 + 2oosd cosBcos C. 


10. sin{d+B+C+Z)) + 8 in(d+B-C-P) + sin(d+B-C+Z)) 

+ 8in (d+B + C-I))s=4 sin(d + B)cosCcoaB. 

11. sin (d - B) cos (d + B) + sin (B - C) cos (B + C) 

+ sin (C - B) cos (C + B) + sin (B - d) cos (B + d)=0. 

12 . sin®a + sin®(a - /9) +cos/3co8 ( 2 a-^) = l. 

13. 1 - cos®a: -cos®?/ + 2co8x cosy cos(i+y)^co8®(x+y). 

14 cos® (x + a) + cos® (x + /3) - 2 cos (a - cos (x + a) cos (x + 

= Bin® (a-^). 



CHAPTER VIII. 


LOGARITHMS. 

70 . Supposing that we know that 

jq2-40312 ^ Jq2-60959 ^ ^ 

and 10^'°^^^=: 102971, 

we can shew that 253 x 407= 102971 without performing 
tlie opemtion of multiplication. For 

253x407 = 10="^^% 1Q2-60959 

_ 2q2 40312 + 2-60959 

= 10^"^% 102971. 

Here it will be noticed that the process of multiplication 
has been replaced by the simpler process of addition. 

Again, supposing that we know that 

79507, 

and that l()i-63347 ^ 

we can easily shew that the cube root of 79507 is 43. 

For 4 / 79 ^ = [79507]^= 

= = 2qH13M7 ^ ^3 

Here it will be noticed that the difficult process of 
extracting the cube root has been replaced by the simpler 
process of division. 
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71. Logarithm. Def. If a he any numhery arid x 
and N two other nnmbei'S such that a* = N, then x iif called 
the logarithm of N to the hose a a/nd is vrritten log^N. 

The logarithm of a number to a given base is therefore 
the index of tlie power to which the base must be raised 
that it may l)e equal to the given number. 

Exs, Since 10* = 100, therefore 2=log,Ql00. 

Since 10® = 100000, therefore 5 = log,^ 100000 . 

Since 2'‘=:16, therefore 4 = log 2 l 6 . 

Since [8^]^=22=4, therefore |=logg4. 

o 

Since ^ = — = i, therefor0-- = log9f—V 
gi 33 27 2 \27/ 

N.B. Since a®=l always, the logarithm of unity to any base is 
always zero. 


72. In Algebni, if m and n be any real quantities 
whatever, the following laws, known as the laws of indices, 
are found to be true : 


(i) a’'‘X a” = a'"’*’", 

(ii) n"*-f-a" = a™-", 

and (iii) = " 

Corresponding to these we have three fundamental 
laws of logarithms, viz. 

(i) lo&a (mn) s= log^ m + log. n, 

(ii) log. ^ 2 ^ = log. m - log. n, 

and (iii) log. m“ = n log. m. 

The proofs of these laws are given in the following 
articles. 


73. The logarithm of the product of two quantiiiea is 
equal to the sum of the logarithms of the qua/ntities to the 
same base, i.e. 

log. (mn) = log. m + log. n. 
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Let 

and 

Then 


■« ~ loga 7«, so that a* = 7n, 
y=l0ga7i, so that tt*' = 7 l. 
mn = a® X a*' = a*+*'. 
log^nm = a: + 2 / (Art. 71, Def.) 
= log„ 77i + loga n. 



equal to 


Let 

and 


The logarithm of the quotient of two qiuintiiie.s 
the difference of their logarithms^ i.e. 




log^m-log^n. 


a: = logo 771, so that a® = 77i. (Art. 71, Def.) 
y = so that ay = n. 



Then 


— s= a* ^ a*' = a®“ 
n 


V 

« 


'• ’°8a(^) = a:-y (Art. 71, Ilef.) 

- logo W - logo 


75. The logarithm of a quantity raised to any power 

%a ^ual to the loga/nthm of the quantity multiplied hy the 
index of the poioery i.e. 

* (™") = n lo&tt m. 

Let X *= logo so that a® — m. 

Then - (a*)n _ 

• • lo^;a (m") = nx (Art. 71, Def.) 

~ 71 logo 

Bxb. log 48=log (2^ X 3) = log 2^ + log 3 = 4 log 2 + log 3; 

,63 , 7x33 , 

^ ® 4M“ ^°g ^ii 2 =^Q 8 7 + log 33 - log23 - log 112 

=log7 + 21og3-21og2-21ogll; 

log 4/l3=log 13^=1 log 13. 

5 
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76. Common system of logarithms. In the 

system of logaiitlims which we practically use the base is 
always 10, so that, if no base be expressed, tlie base 10 
is always understood. The advantage of using 10 as the 
biise is seen in the three following articles. 

77. Characteristic and Mantissa. Def. If the 

logaritlun of any numljer be partly integral and partly 
fractional, the integral portion of the logarithm is called its 
cliaracteristic and the decimal portion is called its mantissa. 

Thus, supposing that log 795 5=2*90037, the number 
2 is the characteiistic and *90037 is the mantissa. 

Negative characteristica. Suppose we know that 

log 2 = -.30103. 

Then, by Art. 74, 

log J = log 1 - log 2 5= 0 - log 2 = - *30103, 

so that log \ is negative. 

Now it is found convenient, as will bo seen in Art. 79 
that tlie inantissie of all logaritlims should be kept positive. 
We therefore instead of — *30103 write —[1 — *69897], so 
that 

log J = - (1 - *69897) = - 1 + *69897. 

For shortness tliis latter expression is written 1*69897. 

Tlie horizontal line over the 1 denotes that the integral 
part is negative; the decimal part however is positive. 

As another example, 3*47712 stands for 

-3+ *47712. 


78. The characteristic of the logarithm of any number 
can always be determined by inspection. 

(i) Let the number be greater than unity. 

Since 10" = 1, therefore log 1 =0; [Art. 71, Def.] 

since 10* = 10, therefore log 10 =1; 
since 10^=100, therefore log 100 = 2, 
and so on. 
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Hence the logarithm of any number lying between 1 
and 10 must lie between 0 and 1, tliat is, it will be a 
decimal fraction and therefore have 0 as its characteristic. 

So the logarithm of any number between 10 and 100 
must lie between 1 and 2, i.e. it will have its characteristic 
equal to 1. 

Similarly, the logarithm of any number between 100 
and 1000 must lie between 2 and 3, i.e. it will liave its 
characteristic equal to 2. 

So, if the number lie between 1000 and 10000, the 
characteristic will be 3. 


Generally, tJie characterietic of ilie logarithm of any 
number will he one less than the number of digits in its 
integral part. 


B3C®. The number 296*3457 has 3 figures in its integral part, and 
therefore the oharacteristio of its logarithm is 2. 

The characteristic of the logarithm of 29634*57 will bo 5 - 1, i.e. 4. 
(ii) Let the number l>e less than unity. 

Since 10®= 1, therefore log 1 = 0; 

since 10 “^= 1 ^= *1, therefore log *1=.—Ij 

since 10“®= ~= 01, therefore log *01=-2; 

since *001, therefore log'001= —3; 

and so on. 

The logarithm of any number between 1 and ‘1 therefore 
lies between 0 and — 1, and so is equal to — 1 + some 
decimal, i.e. its characteristic is 1. 

So the logarithm of any number between *1 and *01 
lies between — 1 and — 2, and hence it is equal to — 2 + 
some decimal, i.e. its characteristic ia 2. 

Similarly, the logarithm of any number between *01 
and ‘001 lies between — 2 and — 3, i.e. its characteiistic is 3. 
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Generally, the characteristic of the logarithm of any 
decimal fraction will he negative and numerically will he 
greater hy unity than the number of cyphers following the 
decimal point. 

For any fraction between 1 and *1 {e.g. *5) has no 
cypher follo\ving the decimal point and we have seen that 
its characteristic is 1. 

Any fraction between *1 and *01 {e.g. -07) has one 
cypher following the decimal point and we have seen that 
its characteristic is 2. 

Any fraction between *01 and -001 (e.g. *003) has two 
cyphera following tlm decimal point and we have seen that 
its characteristic is 3. 

Similarly for any fraction. 

Bxs. The characteristic of the logarithm of the number -00835 
is 3. 

The characteristic of the logarithm of the number *0000053 is 6. 

The characteristic of the logarithm of the number *34567 is 1. 


79. The mantissoi oj the logaHthm of (dl nunhera, 
conaisting of the same digits, are the same. 

This will be made clear by an example. 

Suppose we are given that 


Then 


log 6682 = 3-82491. 


6682 


log 668*2 = log = log 6682 — log 10 (Art. 74) 
= 3*82491 -1 = 2-82491; 

log *6682 = log = log 6682 - log 10000 

(Art. 74) 

= 3*82491 - 4 = 1*82491. 

So log -0006682 = log = log 6682 - log 10^ 

= 3*62491-7 = 4-82491. 
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Now the numbers 6682, 668*2, *6682, and *0006682 
insist of the same signihcant figures, and only differ in 
the position of the decimal point. We observe that their 
logarithms have the same decimal portion, i.e. the same 
mantissa, and they only differ in the characteristic. 

The value of this characteristic is in each case deter¬ 
mined by the rule of the previous article. 

It will be noted that the mantissa of a logarithm is 
always positive. 

80. Tables of logarithms. The logarithms of all 
numbers from 1 to 108000 are given, correct to seven 
places of decimals, in Chambers’ Tables of Logarithms 
Many calculations however need not be made to the extent 
of accuracy represented by seven places of decimals, 
buthcient accuracy for most practical purposes is given by 
logarithms to five places of decimals—usually called fiv^ 
figure logarithms. It would be advisable that the student 
sho^d have access to such a table. At the end of this 
book *sviU be found a teble of four-figure logarithms, which 
IS the largest table that can be convenientU^ and le^-iblv 
printed m a book whose pages are of the present size. 

81. It be noted that only the .decimal part 

the mantissae) of the logarithms are there given. 

11m proper oharactenstio must be supplied by the rule of 
Art. 7 o. 

To obtain the logarithm of any number such as 6264 
we proceed tlius. Eun the eye down the extreme lefbhand 
<x)luiM of Table I. until it arrives at the number 52. Then 
look horizontally until the eye sees the figures 7210 which 

Wo thus^^^t^ number 6 at the top of the page. 

No. Log. 

526 7210. 

The fourth fi^re in our number is 4. Look at the 
extreme n^t of the page of logarithms for the Difference 
Column. Run the eye down the column headed by 4 untU 
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\V 0 arrive ab the line which commenced with 52 and there 
we find the number 3. We thus have 

No. Log. 

526 7210 

Difference for 4 3 

52S 7^3. 

Now, by Art. 78, the characteristic of the logarithm of 
5204 is 3. 

log 5264 = 3-7213. 

82. If we had a number of five figures, we for the 
extreme right-hand figure take the corresponding number 
in the Difference Column and place it one place to the 
right of the column. Thus suppose we wanted log 62647, 
As before 

No. Log. 

5264 7213 

Diff. for 7^ 6 

526l7 72136, 

so that log 52647 = 4-72136. 

The extreme right-hand figure is however unreliable 
when we use four-figure tables. The latter cannot be 
relied upon further than the fourth place of decimals. 

83. As another example, we shall take from Table I. 
the logarithm of 9876. We find 


No. 

987 


Difference for 


6 


Log. 

9943 

3 


log 9876 = 3-9946. 

If we used five-figure tables instead, we should have 

No. Log. 

987 99432 

Difference for 6 26 

log §376 = 3-99458. 
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It ^vill thus be noted that, in general, whatever be the 
table we use the logarithm given corresponding to any 
number is, strictly speaking, only an appioximation; but 
an approximation which is more and more near accoidiri" 
to the number of decimal places in the table we use. Thus 
a four-figure table is correct to four places; a seven-figure 
table to seven places, etc. 


84. We shall now work a few numerical examples to 
show the efficiency of the application of logarithms for 
purposes of calculation. 


Bx. 1. Find the value of ,^23*4. 
Let x=^^=(23’4)?,, 


so that 


logx=-log(23-4), 


by Art. 75. 


In a five-figure table of logarithms we find, opposite the number 
234, the logarithm 3C922. 

Hence log 23-4 s= 1*36922. 

V 

Therefore log a:=^ [1*36922] = *27384. 


Again, in the table of logarithms we find, corresponding to the 
logarithm 27384, the number 18786, so that 

log 1*8786 = *27384. 

x= 1*8786. 


Xtx. 2. Using four‘figure logarithms (Table 1.) find the value of 

(6*45)=> X ygpQM 
(9-37)2 

Let X be the required value so that, by Arts. 74 and 75, 

^logx=log (6*45)» -I- log (*00034)4 - log (9*37)“ - log4/8*93 

= 3 log (6*45) log (-00034) - 2 log {9*37) - ~ log 8*93. 

Now in Table I. we find 


opposite the number 646 the logarithm 8096, 


U 


99 


34 

937 

893 


9t 


99 


5315, 

9717, 

9509. 


and 


It 


ft 


il 
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Hence log x=3 x -8096 +1 (4-5315) 

-2x-9717-7 X *9509. 

4 

But 5 {4-5315) = ^[6 +2-5315] 

= 2 +-8438. 

log X = 2*4288 + [2 + -8438] - 1-9434 - -2377 
= 3-2726-4-1811 
= 1 + 4-2726-4-1811 
= 1-0915. 

But, from Table I., 

log 123 = 2-0899 
diff. for _ 5= 17 

log 1235 = 3-0916 

z=-1235 nearly. 

When the logarithm of any number does not quite agree with any 
logarithm in the tables, but lies between two consecutive logarithms, 
it will be shewn in the ne:tt chapter how the number may be accurately 
found. 

Bs. 3. Having given lo^2=-30103, Jind the ntimher of digits in 
2®^ and the position of the first significant figure in 

We have log 2®’=67 x log 2=67 x *30103 

= 20-16901. 

Since the characteristic of the logarithm of 2®^ is 20, it follows, by 
Art. 78, that in 2®^ there are 21 digits. 

Again, log2^= -37 log 2= - 37 x-30103 

= -11-13811 = 12-86189. 

Hence, by Art. 78, in 2~^ there are 11 cyphers following the decimal 
point, i.e. the first significant figure is in the twelfth place of decimals. 

% 

EXAMPLES. XV. 

1. Given log4 = -60206 and log3 = -4771213, find the logarithms 
o%-8, -003, -0108, and (-00018)+. 

2. Given log 11 = 1-0413927 and log 13= 1-1139434, find the values 
of (1) log 1-43, (2) log 133-1, (3) log 4/143, and (4) log^-06l69. 
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3. Wbat are the characteristics of the logarithms of 243*7, *0153, 

2*8713, *00057, *023, and (24589)^? 

4. Find the 6th root of *003, having given log3 = *47712 and 

log 3129 = 3*49542. 

5. Find the value of (1) 7^ (2) (84)^, and (3) (-021)^, having given 

log 2 = *30103, log 3 = *47712, 
log 7 = *84510, log 13205 = 4*12073, 
log58845=4*76971 and log4618 = 3*66444. 

6. Having given log 3 = *47712, 

find the nnmber of digits in 

(1) 3«, (2) 3=^. and (3) 3«--, 
and the position of the first significant figure in 

(4)3-‘9. (5)3-«, and (6)3-«>. 


7. From the Tables find the seventh root of *00002676. 


Making use of the Tables, find the approximate values of 





v'6'46-3. 


9. 4/8236. 


10 . 


2’r where 7r=3*1416, / = 37, and <7 = 32*2 


s/7*2 X 8*3 
V 9*4-j-16*5* 


^/5 X 4/7 
4/8x,^9* 


14. wherep=345, u = 2*C2, and‘y= 1*4. 

15. the volume of a sphere of radius 43 centimetres, given that 
the volume of a sphere of radius r is Jn-r*, where ir=31416. 

16. Draw the graph of logj^x. 


L. E. T. 


6 



CHAPTER IX. 

TABLES OF LOGARITHMS AND TRIGONOMETRICAL 
RATIOS. PRINCIPLE OF PROPORTIONAL PARTS. 

85. E have pointed out that the logaritlims of all 
numbers from 1 to 108000 may be found in Chambers’ 
Mathematical Tables, so that, for example, the logarithms 
of (4583 and 74584 may be obtained directly therefrom. 

Suppose however we wanted the logarithm of a number 
lying between these two, e.g. the number 74583*3. 

To obtain the logarithm of this number we use the 
Principle of Proportional Parts which states that the in- 
crease in Oie logarithm of a number is proportio^iaZ to the 
increase in the number itself 

Thus in a seven-figure table we find 

log 74583 = 4-8726398 .( 1 ), 

and log 74584 = 4 *8726457 .(2). 

The quantity log 74583*3 vdll clearly lie between 
log 74583 and log 74584. 

Let then log 74583*3 = log 74583 + a: 

= 4-8726398 + x.(3). 

From (1) and (2), we see that for an increase 1 in the 
number the increase in the logarithm is *0000059. 

The Theory of Proportional Parts then states that for 
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an increase of *3 in the number the increase in the 
logarithm is 

•3 X-0000059, i.e., -00000177. 

Hence log 74583-3 = 4-8726398 + -00000177 

= 4-87264157. 

86 . As another example, we shall find the value of 
log-0382757 and shall exhibit the working in a more 
concise form. 

From a seven-figure table we obtain 

log-038275 = 2-5829152 

log^038276_= 2-5829265. 

Hence the difference for 

•000001 = 0000113. 

Therefore the difference for 

•0000007 = ’7 X -0000113 

•00000791. 

log-0382757= 2-5829152 

-00000791 
= 2-58292311. 

Since we only require logarithms to seven places of 
decimals, we omit the last digit and the answer is 
2-5829231. 

87. The converse question is often met with, viz., 
to find the number whose logarithm is given. If the 
logarithm be one of those tabulated the required number 
is easily found. The method to be followed when this is 
not the case is shewn in the following examples. 

Find the nnmher whose logarithm is 2-G283924. 

On reference to the seven-figure tables we find that the logarithm 
6283924 is not tabulated, but that the nearest logarithms are 6283889 
and 6283991, between which oiur logarithm lies. 


6—2 
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We have then log 42o’00=2'6283880 —.{!)» 

;ind log425-01 = 2-C283991.(2). 

Let log (425-00 + x)= 2-G283924.(3). 


From (1) and (2), we SJ-e that corresponding to a difference -01 in 
the number there is a difference *0000102 in the logarithm. 

From (1) and (3). 've see that corresponding to a difference x in the 
number there is a difference -0000035 in the logarithm. 

Hence we have .r : *01 -0000035 : 0000102. 


35 *35 

^=1172 102 


= •0034..., 


Hence the rotiuirccl uumber= 425*00+•003*1—425*0034. 


88 . Where logarithms are taken out of the tables 
the lalx)ur of subtracting successive logarithms may be 
avoided. As explained in the last chapter there is in all 
lo"arithni tables a column headed Eiff. on the extreme right 
of eacli page. 

As an example, let us find the logarithm of 527‘4G. 

From Table L, we have 

log 527 =2-7218 

difF. for -4 = 3 

dilT. for 06 

(=~x difT. for •c'\ = 05 


. log527*46 = 2-72215 

This is as near as we can get the result from a four-figure 
table. 

We shall solve two more examples, taking all the logarithms from 
Table I., aud only putting do\vn the necessary steps. 

Ex. 1 . Find the aevetUh root of *03457. 

Let j=(-03457)'. 

log;r= ^log (-03457)= ^ (2-5387) 

= ^(7-1-5-5387) 


= 1-79124. 
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But, from Table I., 

log -GIS =1*7910 

diff. for 3 = 2 ' 

di£f. for r»= 4 

.*. log *01830= 1-79124. 

.*. x = *61836. 

This result will not bo reliable to the fifth place of decimals. 


Sx. 2 

of a* - 6^. 

Let 


^a = 345*G and 6 = 283*5 ,the value of the squareroot 

6*={rt — 6) (a+ 6). 

.*. 21ogx=log(rt-6) + log(a + 6) 

= log 62*l + log629*1. 


Now, by Table L, 


diff. for 

Therefore, by addition, 

But, from Table I., 
diff. for 
diff. for 


log 62*1 =1*7931 
log 629* =2*7987 
■1 = 1 

21ogx=4*5919. 
.*. log x = 2*29595. 
log 197 =2*2945 
•6 = 13 

•07= 16 


.*. log 197*67=2*29596 

=logx, very nearly. 
.*. x=197*67 approx. 


89. The pri>of of the Principle of Proportional Parts 
cannot be given at this stage. It is not strictly true 
without certain limitations. 

If the numbers to which the principle is applied contain 
not less than five significant figures, then we may rely on 
the result as correct to seven places of decimals. 

For example, we must not apply the principle to obtain 
the value of log 2*5 from the values of log 2 and log 3. 

For, if we did, since these logarithms are *30103 and 
*4771213, the logarithm of 2*5 would be *389075. 
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But from the tables the value of log 2-5 is found to be 
■3979400. 

Hence the result which we should obtain would be 
manifestly quite incorrect. 

So, if the numbers to which the principle is applied 
contain not less than four digits, we can rely on the result 
iis coirect to five places of decimals. 

Similarly, if the numbers contain not less tlian 3 digits, 
the result can be relied upon in general to four places of 
decimals. 


EXA] 




PLES. XVI. 


1. Given log 35705 = 4-5527290, 

and log 3570C = 4-5527412, 

find tlie values of log 35705-7 and log 35*70585. 

2. Given log 5*8742 = -7089487 

and log587*43 = 2*7G89561, 

find the values of log 58742*57 and log *00587422. 

3. Given log 47847=4-6798547 

and log 47848=4*6798038, 

find the numbers whose logarithms are respectively 2*6798593 and 
3-6798017. 


4. Given log258-3G=2-4122253 

and log2*5837= *4122421, 

find the numbers whose logarithms are -4122378 and 2*4122287. 


Using Tables, find the value of 


5. (3-4578)3. 

7. ( 6349)^ X (3-825)3. 

9. (789-42)2-=-{53-47)2 

(4-3758)'x3*87 
(4-38*2)* 


6. (2-3894)^. 

8. (4*2357)3h-(2-389G)3. 

(6-97)3 X (*0235)^ 
(3-4894)3^6-829 



10 . 


11 . 



PROPORTIONAL PARTS. 


87 


90 . Ill Chainliers* Tables will be found t<ables giving 
the values of the trigonometrical ratios of angles between 
0“ and 45°, the angles increasing by differences of 1'. 

It is unnecessary to separately tabulate the ratios for 
angles between 45° and 90°, since the ratios of angles 
between 45° and 90° can be reduced to those of angles 
between 0° and 45°. (Art. 39.) 

For example, 

[sin 76° 1 r = sin (90° - 13° 49') = cos 13° 49', 
and is therefore known]. 

Such a table is called a table of natural sines, cosines, 
etc. to distinguish it from the table of logarithmic sines, 
cosines, etc. 

If we want to find the sine of an angle which contains 
an integral number of degrees and minutes, we can obtain 
it from the tables. If, however, the angle contain seconds, 
we must use the principle of proportional parts. 

Ex. 1. Given sin 29® 14'= -48837, 

and »in29®15'=-48862, 

find the value of sin 29® 14' 32". 

By subtraction we have 

difference in the sine for 1 ' = *00025. 

32 

difference in the sine for 32" = 777 ; x -00025 s= *00013, 

CO 

.*. sin 29° 14'32' = *48837 

+-00013 
= •48850. 


Ex. a. Given co« 16° 27'=s-95907, 

and cojtl6°28'=-95899, 

find cos 16° 27' 47". 

We note that the cosine decreases as the angle increases. 

Hence for an inereasa of 1', x.e. 60", in the angle, there is a decrease 
of *00008 in the cosine. 
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Hence for an InereaM of 47^' in the angle^ there is a decrease of 
47 

X ^00008 in the cosine. 

60 


co3]j6®27'47"=-95907- ~ x *00008 

00 

= *95907 - *00006 


= *95907 
- *00006 


= •95901. 

Zn px*actlce tbis may be abbreviated thus ; 

cos 16° 28'= *95899 

cos 16° 27' = *95907 


diflf. for l'= - -00008. 

diff. for 47" ~ X *00008 

bO 

= - *00006. 
Ans.= *95907 
- *00006 


= *95901. 


91. The inverse question, to find the angle, when 
one of its trigonometrical ratios is given, will now be 
easy. 

ZSx. Find the angle whose cotangent is 1-41093, having given 
cot 35° 19' = 1-41148, and cot 35° 20'=1*41061. 

Let the required angle be 35° 19'+x", 

BO that , cot (35° 19' + x")=1 *41093. 

From these three Equations we have 

For an increase of 60" in the angle, a decrease of *00037 in the co¬ 
tangent. 

For an increase of x" in the angle, a decrease of *00055 in the co¬ 
tangent. 

X : 60 :: 65 : 87, so that x = 38 nearly. 

Hence the required angle=35° 19' 38". 
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92. In working all questions invohnng the application 
of the Principle of Proportioinil Parts, the student must 
be very careful to note whether the trigonometrical nitios 
increase or decrease as the angle increases. As a help to 
his memory, he may observe that in the first quadrant the 
three trigonometrical ratios whoso names begin with co-, 
i.e. the cosine, the cotangent, and the cosecant, all decrease 
as the angle increases. 

Tables of logarithmic sines, cosines, etc. 

93. In many kinds of trigonometric calculation, as 
in the solution of triangles, we often require the logarithms 
of trigonometrical ratios. To avoid the inconvenience of 
first finding the sine of any angle from the tables and 
then obtaining the logarithm of this sine by a second 
application of the tables, it has been found desirable to 
have separate tables giving the logarithms of the various 
trigonometrical functions of angles. As before, it is only 
necessary to construct the tables for angles between O'* 
and 45'’. 

Since the sine of an angle is always less than unity, 
the logaritlnn of its sine is always negative (Art. 78). 

Again, since the tangent of an angle between 0“ and 
45 is less than unity its logarithm is negative, whilst the 
logarithm of the tangent of an angle between 45^ and 
90 is the logarithm of a number greater than unity and 
is therefore positive. 

94. To avoid the trouble and inconvenience of print¬ 
ing the proper sign to the logarithms of the trigonometric 
functions, the logarithms as tabulated are not the true 
logarithms, but the true logarithms hicreased by 10. 

For example, sine 30" = J. 

Hence log sin 30" = log J = - log 2 

= -■30103 = 1-69897. 

The logarithm tabulated is therefoi-e 

10 +log sin 30", ie. 9*69897. 
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Again tan 60° = ,^3. 

Hence log tan 60° = ^ log 3 — ^ (•4771213) 

= -2385606. 

The seven-fiiiure losarithni tabulated is therefor© 

10+-2385606, i.e. 10-2385606. 

Tlie symbol L is used to denote these “ tabular 
logarithms,” i.e. the logarithms as found in the English 
books of tables. 

Tl.us L sin 15° 25' - 10 + log sin 15° 25', 

and L sec 48° 23' - 10 + log sec 48° 23'. 

» 

95. If we want to find the tabular logarithm of any 
function of an angle, which contains an integral number 
of degrees and minutes, we ciin obtain it directly from tlie 
tables. If, however, the angle contains seconds we must 
use the principle of proportional parts. The method of 
procedure is similar to that of Art. 90. We give an 
example and also one of the inverse question. 

Sx. 1. Given Lcomc 32° 21'= 10*27157, 
and L cosec 32” 22' = 10-27137, 

find L cosec 32° 21'51". 

For an increase of 60" in the angle, there is a decrease of -00020 in 
the logarithm. 

Hence for an increase of 51" in the angle, the corresponding de- 

crease is ^ x -00020, i.e. -00017. 

60 

Hence L cosec 32° 51'51" = 10-27157 

- -00017 

= 10-27140. 

Ex. 2. Using five-figure logarithms, find the angle snch that the 
tabular logarithm of its tangent is 9*44172. 

From the tables, we have 

L tan X=9-44172 L tan 16°30'=9-44299 

i^tanl5°27'=9-44151 X tan 15°27' = 9-44151 

difl. = 21. diff. for 3'= 148. 
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corresponding increase = 


21 

148 

21 

148 


x3' 

xi8(r 


= 2G" nearly, 
a: = 15® 27'26". 


Ex. 3. Given Lsin 14®6'=9'38C7, 
find L cosec 14®6'. 

Here logsin 14®6' = L8m 14®6'-10 

= -1 + -3867. 


Now 


log cosec 14®G' = log 


8inl4*'6' 


= - log sin 14°6' 

= l--3867 = -G133. 

Hence L cosec 14®6' = 10*6133. 

More generally, we have sin 6 x cosec 1. 

log sin ^ +log cosec d=0. 

. . X sin 0+ £• cosec ^ = 20. 


The error to be avoided is this; the student sometimes assumes 
that, because 

logcoBecl4®6'= - logain 14®6', 
he may therefore assume that 

Xcosecl4“6'= -XBml4'^6'. 

This is obviously untrue. 


EXAMPLES. XVn. 

1. Given sin 43®23' = *68688 

and sin 43®24' = *68709. 

find the value of 8in43®23'47". 

2. Find also the angle whose sine is *68703. 

3. Given sin 18® 15' = *31316 

and sin 18®16' =‘31344, 

find Bin 18®15'37" and the angle whose sine is *31329. 



92 

TRlGONOMETli Y. [Exs. XVIL 

4. Given 

cos 32° 10'= -84.557 

and 

cos 3-2° 17'= -84.542, 

find the values of 

cos32n6'24" and of cos32°16'47''. 

5. Find also the angles whose cosines are 


•84548 and -84552. 

G. Given 

tan7G°2r=4-11778 

and 

tan7C°22' = 4-12301, 

find tlie values of 

tan 7C°21'29" and tan 76°21'47". 

7, Given 

cosec 13°8'=4-40106 

and 

cosec 13®9' = 4-39558, 

find the values of 

cosec IS^S'ie" and cosec IZ^Q’ZT. 

8. Find also the angle whose cosecant is 4-39679. 

9. Given 

/.sin 33°27'= 9-74132 

and 

I-sin 33°28' = 9-74151, 

find X sin 33°27'49' 

and the angle whose Lsin is 9'74140. 

10. Given 

L cos 34°44'=9-9147729 

and 

ico8 34°45'=9-914G852, 

find the value of 

L cos 34° 44'27". 

11. Find also the angle where 


icos0=O-9147328. 

12, Given 

L cot 71°27' = 9-5257779 

and 

I. cot 71°28'= 9-5253589, 

find the value of 

i:cot71°27'47". 

and solve the equation L cot 9-5254782. 

13. Given 

L sec 18° 27' = 10-0229168 

and 

L sec 18°28'= 10-0229590, 

find the value of 

i:,secl8°27'35". 


14. Find also the angle whose L sec is 10-022928o. 

15 . Find in degrees, minutes, and seconds the angle whose sine 
is *6, given that 

log 6= -7781513, L sin 36°62'=9-7781186, 

L sin 36°63'=9*7782870. 


and 
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96. Tables II. and III. at the end of this book give 
the sines and tangents of all angles between O'* and 90“. 
These will give the trigouometriciU ratios of all angles. 


£jX. Find from these tables the value of sin 21“ 37' 25". 

Run the eye down the e.xtreme left-hand column till 
we arrive at 21“, and then liorizonbilly till we get to the 
numl)er 3665 which is vertically below 30 in the tup line. 

Thus sin 21" 30'= -3665. 

Then, in the difference column, we have the number 19 
corresponding to the heading 7'. 

Thus sin 21" 30'=-3665 

diff. for 7'= 19 

diff. for 25" = ?5 x diff. for l' = x 3= 125 


sin 21“ 37'25" = -3685. 

This is as near an answer as we can get with these 
tables. 


Find aimila/rly tan 70" 26' 43". 


tan 70" 20' = 
diff for 6' = 

diff for 43" = I? X diff. fori' 

oU 


2-798 

16 


2-15 


2-816 


Running our eye down the extreme left-hand column 
of Table III. until we get to 70, and then horizontally 
we find \mder 20' the number 2-798. 
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In the same line in the column headed “Differences” 
we find 16 corresponding to 6'. 

43 

Also by proportional parts the diff*. for 43" = x that 


60 


for r, and the diff*. for 1' from the same line is 3. 


On working out this proportion, we get 2‘15. 

Hence the work stands as above, and 2*816 is the 
nearest approximation we can get from this table. 


97. Similarly Tables IV. and V. give the logarithms 
of the sines and tangents of all angles from 0“ to 90*; we 
can thus obtain the logarithms of all the trigonometrical 
functions. 


EjX. 1. From these tables find Lcos 25“ 37'32". 

By Art. 39, the cosine of any angles the sine of its 
complement. 

L cos 25“ 37' 32" = L sin (90“ - 25“ 37' 32") 

= isin(64“ 22' 28"). 

Using Table IV., similarly as in Art. 96, we have 

Zsin64“ 20'= 9*9549 
DiO: for 2' = 1 


OQ 

Diff. for 28" = ^ x Diff. for 1' 

60 

28 . 

9*9550 

sin 64* 22'38" = 9*9550, 

s»s nearly as we can get from these tables. 


47 

T7 


£iX. 2. Find x where Lcotx— 10*1461. 
Frf>in Table V., 

Ltaji 54“ 20'= 10*1441. 

Diff. for 7'= 19 


Z tan 54“ 27'= 10*1460 
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The difference between this and the given number above 
= 1 and the diff. for 1' is, from Table V., 3. 

diff, in i = ix r = 20", 

O 

i tan 54“ 27'20"=- 10-1461, 

L cot x = Lio.n 54“ 27' 20" 

= Z cot 35“ 32'40" (Art. 39). 
.t = 35“ 32'40", 

as nearly as we can get from four-figure tables. 

ESx. 3. Find Xy where secx— 1'824. 

If we have tables of secants then x may be found as 
before. 

But we may also use Tables II. or IV. 

1 

For L cos a: = 10 + log ^ 

= 10-log 1*824= 10- *2610, by Table I, 

= 9*7390. 

By Table IV., 

Zsin 33“ 10'= 9*7380 
Diff. for 5'= 10 

isin 33“ 15'= 9*7390 

icosa:=Asin33“15' 

= L cos 56“ 45' [ Art. 39]. 
x*=56“45'. 

EXAMPLES. XVm. 

[For the following examples tables will be required; either tho 
fonr-hguro tables at the end of this book, or other tables with a 
higher number of places of decimals. If four-figure tables are used, 
the result may be correct only to the nearest tenth of a minute.] 

Find the value of 
1. 8in37°46'. 


2. tan73'=’29'. 
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3. 

cos 65®37'. 

4 

sin 28°17'20". 

5. 

tan 59° 44'25". 

6. 

cos 72°29'37". 

7. 

Lsmlo°27'20". 

8. 

L cos 37° 16'. 

9. 

I,taD25°17'15". 



Find the value of 0 to the nearest minute, where 

10. 

cos 0 = *9725. 

11. 

• ^ ^ 

-. 

o 

12. 

cosec — 1‘099H. 

CO 

• 

L tan ^ = 9-6197. 

14. 

Lco80 = O*993. 

15. 

Lsec^=10-15. 

Find 0 when 



16. 

sin ^ = •38-472. 

17. 

cos0 = -4rt937. 

18. 

sec^ = 5-3824. 

19. 

i tan (> = 10-52896. 

20. 

h sin 0 = O-3852(). 

21. 

L cos 0 = 0-62835. 

22. 

Loot ^=10-84352. 




Find that value of between 0® and 90'^, which satisfies the 
e<|uution, to the nearest minute, 

23. cos 0 = sin 29®15' x tan 52='30'. 

24. sin .^8in66®50'. 

25. Draw the praph of lop,^.r for tlio values 3*= ”70,371, 372 and 
373 and hence estimate the values of lop37U*6 and 372*^ 



CHAPTER X. 


RELATIONS BETWEEN THE SIDES AND THE TRIGO¬ 
NOMETRICAL RATIOS OF THE ANGLES OF ANY 
TRIANGLE. 


98. In any triangle ABCy the side liCy opjKJsite to 
the angle Ay is denoted by a\ the sides CA and AB, 
opposite to the angles B and C respectively, are denoted 
by b and c. 


99. Theorem. In any triangle ABCy 

sinjl sinR sin C 
a b c ’ 

i.e. the sinee of the angles are yroporlionai to the opposite 
sides. 



Draw AD perpendicular to the opposite side meeting it, 
produced if necessary, in the point D. 


In the triangle ABDy we have 

AD 


AB 


= so that -j4Z) = csiu A 



L. E. T. 


7 
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In the triangle ACD, we have 
AD 

= sin C, so that AD = h sin C. 

[If the angle C be obtuse, as in the second figure, we have 
AD 

=8invi(7D=8m(180°-ClssinC (Art. 42), 
BO that ^Z)=i>smC.] 

Equating these two values of AD^ we have 

c sin B—h sin (7, 

sin B sin 0 

i.e. - -. 

6 c 


In a similar manner, by drawing a perpendicular from 
B upon CA, we have 

sin (7 sin^ 


If one of the angles, (7, be a right angle, as in the third 
figvre, we have sin 6' = 1, 

sin A=-. and sin B = 
c c 

_ sin A siuB 1 sin C 

Hence -= —r— = - = -. 

a 0 c c 


We therefore have, in all cases, 

Bin A sinB sinC 
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Xj6t ASC be the triangle and let the perpendicular 

from A on £G meet it, produced if necessary, in the 
point D. 

Firet, let the angle O be acute, as in the first figure. 
Fy geometry, we have 

AB^^BCn + CA-^-2BC .CD .(i). 


But 


CD 

G~A ~ ~ ^ 


Hence (i) becomes 

c® = a® + 6“ - 2a . 6 cos (7, 

2a6 cos (7 = a* + 6^ - c^, 
a* + 6a_c« 


%.e. 


cosC7 = 


2a6 


Secondly, let the angle C be obtuse, as in the second 
figure. 

By geometry, we have 

AB^ = BC^ + CA^ + 2BG .CD .(ii). 

CD 

But = cos = cos (180"-C) = -003(7, 

(Art. 42) 

so that GD = — 6 cos C. 

Hence (ii) becomes 

c2 = a® + 6^ + 2a ( - 6 cos (7) = a® + - 2a6 cos (7, 

so that, as in the first case, we have 

« a=+6’^-c’ 

In a similar manner it may be shewn that 


COS Ass 


b* + c2 - a2 


and cos .5 = 


c® + a* — 6* 


Also 

and 


2bc * 
a2 = b2 + c2 — 2bc cos A, 
^ c* + a® — 2ca cos B, 


2ca 


7—2 
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If one of the angles, (7, be a right angle, the above 
formula would give <r = a® + 6-, so that cos (7 = 0. This 
is correct, since (7 is a right angle. 

The above formula is therefore true for all values of C. 

Ex. If a=15, 6 = 36, and c=39, 

then 

. 36« + 393-lo3 3=(122+132-52) 288 12 

2x36x39 2x33x12x13 24xl3“13“ 

Hence, from the tables, we obtain .d = 22®37' nearly. 


101. To find Oie sines of half the angles in terms of the 
sides. 

In any triangle we have, by Art. 100, 

6* + — o” 


cos A = 

By Art. 61, we have 


26c 


coSi4 = l-.2.sin“^. 

A 

Hence 2 sin - = 1 — cos A — \ - ^ - 

^ 26c 


26c - 63 - c= + a“ al- (b^ + - 26c) - (6 - c)-" 

26c ' “ 26c ~ 26^ “ 

fa + (6-c)]f«-(6-c)] (a + 6—c) (a - 6 + c) 

26c 26c ^ 


Let 2s stand for a + 6 + c, so that s is equal to half the 
sum of the sides of the triangle, i.e. s is equal to the semi¬ 
perimeter of the triangle. 

We then have 


a + 6 —c = a + 6 + c —2c=2« —2 c = 2(5 —c), 

and a — 6 + c = a + 6 + c — 26=2s — 26 = 2 (s — 6). 

The relation (1) therefore becomes 

. 2 A _ 2(g-c)x2(s-6) (s-b) (g-c) 

2 26c be ' 


sin 


A _ /(s — b) (s — c) 

2 “V be 


( 2 ). 
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Similarly, 


^1 = ^ 


(s-c) {s~a) 
ca 


, and sm^=./^)(lZ^ 

2 V ab 


102. 7\> //iff the cosines of half the angles in terms of 

the sxdes^ 

By Art. 61, we have 

cos A = 2 coa®^- 1. 

Ji 

Hence 2 cos^ ^=l+co 3 yl = l+ ^ ~ 

^ 2bc 

_ 26c + 6=* + c^- a 2 (6 + c)3-o" 

26c ” 26c 

_ [(6 + c) + g ] [(6 + c) - g] (« + 6 + c) (6 + c — a) 

26c 26c 

Now 6 + c - a = a + 6 + c - 2rt = 2s - 2a = 2 (s - a), 
so that (1) becomes 


2o.n<i^- „ 2s X 2 (s-a) ^ s {s - a) 

2 26c “ be 


.*. cos 


A_ /s (s —a) 

2 “V “be 


(2). 


Similarly, 


cos 




•IV 


rt6 


103. 

the sides. 


To find the tangents of half the angles in terms of 


f ^ 

tan^ 


. A 

sm- 

A' 

cos- 


Since 
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we have, by (2) of Arts. 101 and 102, 


A _ l {s-h){s-c) ^ 

2~\ he 

_ / (s-b) (s-8)" 

V 8 (s — a) 


Similarly, 

ton f , and Un f = /(E^IS. 

2 V s{s-b) ^ V 

A 

Since, in a triangle, A is always < 180“, ^ is always 
<90“. 

The sine, cosine, and tangent of are therefore always 
positive (Art. 37). 

The positive sign must therefore always be prefixed to 
the radical sign in the formulae of this and the last two 
articles. 


104. 


then 


and 


Hence 


If a = 13, &=14. and c-15, 

13 + 14 + 15 o ^ n 

*—- ^ -=21, «-a=8, fi-6 = 7, 

«-c=6. 

. A /'fV^ 1 1 

14,05 = 175 = 6 ''®’ 


sm 


and 


. B / 6 X 8 4 ^ IRK 
“°2~V 15xl3“;/65“65^® ’ 

C /IlxT 3 3 

“V 13xl4“^13“13^^ * 

B /67s 4 

^2~W 21x7“7* 


^65 65*^ ’ 


6x8 _4 
21x7“7* 


105. To e.vpress ilie sine of any angle of a triangle in 
terms of the sides. 

We have, by Art. 61, 

. . - . A A 

sin .4 = 2 sin cos . 



SIJ)£S AJ^^D A?/OLBS OF A TltlANaLE, 103 
But, by the previous articles, 

sin 4 . and cos ^ = A (s — a) 

2 V 6c 2 V -■ 

Hence 

sin^ = 2 ^. 

V he W he 

■*• = be (®-^) (®-b) (S-C). 


In a triangle 
1. Given 

find 


EXAMPLES. 


XIX. 


as;25, 6s:52, and e=63, 


2. Given a=125, 6=123, and c = 62, 

find the sines of half the angles and the sines of the angles. 

3. Given a = 18, 6=24, and c=30, 

sin/I, ainP, and sinC. 

Verify by a graph. 


4. Given 0=35, 6=84, and c=91, 

tan .4, tanP, and tanC. 

5. Given a = 13, 6=14, and c = 15, 

find the sines of the angles. Verify by a graph. 

6. Given a = 287, 6=816, and c = 866, 
find the values of tan ^ and tan^. 

A 


7. Given ' a=61, 6=40, and c = 13, 

find 008.4 and the value of .4 to the nearest minute. 


8. by help of the tables, the size to the nearest minute 

angles of a triangle whose sides are 8, 4, and 6 inchea 


the 
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106. In any triangle^ to prove that 

a=h cos (7 + ccos B. 
Take tlie figures of Art. 100. 

In tlie first case, wo liave 

BD _ _ _ 


BA 


= cos i?, so that BD = c cos B^ 


and 


CD 
C~A ~ 


= h cos c. 


Hence a = BC - BD + DC = c cos .5 + 6 cos C. 

In the second case, we have 

BD 


and 


so that 


BA ~ ~ ^ 

= cos ACD = cos (180“ - C) 

= -cosC (Art. 42), 

CD — — b cos C. 


Hence, in this case, 

a = BC = BD-CD = ccosB~(~bcosC\ 

80 that in each case 

a = b cos C + c cos B. 


Similarly, 


and 


b = c cos .4 + « cos Cf 
c = a cos .5 + 6 cos A 


107. In any linangle, to prove that 

, B-C h~c A~ 

tan — 5 — = -cot ^. 

2 b + c 2 

In any triangle, we have 

b _ sin B 
c sin C * 
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b — c sin B — sin C 
b + c sin B + sin O 


B + C . B~C 

2 cos —^-Kin - 




o . B+C B-C 

2sm—^ cos—^ 


; (Ai-t. 48) 


tan 


B-C 


tan 


B-C 


Hence 


tan tan ^90° - 


tan 


B-C 


J (Art. 39), 


cot- 

A 

a„B-C b-c 

tan —-— =--cot — . 

2 b + c 2 


108* 1i»e Student will often meet witli identities, 
which he is required to prove, which involve botli the sides 
and the angles of a triangle. 

It is, in general, desirable to substitute in the identity 
for the sides in terms of the angles, or to substitute for tlie 
trigonometrical ratios of the angles in terms of the sides. 


Ex. 1. Prove that «coa^“(6 +c)sin^. 

By Art. 99, we have 

O . B + C B-C 
b + o_BinB + BinC “2 cos — 


ain^ 


^ . A A 
2 sm - cos - 


Now 


so that 


4+B + C^180®, 

^±^=90°-- 

2 2 ’ 

, B + C A 
Bin—_ = C08-^. 


and hence 


[Art. 39.] 
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Hence 


A B-C B-C 

. 008 TT C09 —X— COS --=— 

6 + c 2 2 2 


. A A 
sm^cos^ 


. A ' 


(6+c)8m ^ = acos 


Bx. 2. In any triangle prove titat 

(62 _ c2) cot J + (c2 - a®) cot 5 + (a® - 6®) cot C=0. 

By Art. 99, we have 

sin A sin B sin C . , 

--5-= -=t(say). 

Hence the given expression 

= Lt6- - C-) -2-,— + (c^- -2-b^- + (a® - 62) J , 

by Art. 100, 

“ o - a® (6® - c®) + - 62{c2 - a®) + a* - 6^ - c2(o2 - 6®)] 

idbcH 


= 0. 


Ex. 8. In any triangle prove that 


(a + 6 + c) ^tan ^+tan^^=2ccot 


The left-hand member 


- V‘? [VS Vgl-''-T^> [ifS&] 


= —^ since 23=a+^c, 

V(»-o) (*-6) 

=2coot^. 
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EXAMPLES. XX, 

In any triangle ADC^ prove that 
, . B-C b~c A 

- a + b A+B A-D 

2. -rsstan --^cot - . 

a-b 2 2 

3. «Bm +B^ = (6 + c) Bin 2 . 

4. 6* oo 8®C7 - c2 co6^B=b^ - c». 

5. &^8in2C + c^sin2B=2&c8m/l. 

6. a (6 cos C-c C 08 B}=b^- c®. 

7. (b + c) cog il +(e + a) cos B + (a + 6) cos C=o + 6 + c. 


8. a (cos B +cos <7) = 2 (6 + c) sin* ^. 

9. a (coa C - cos B) = 2 (b - c) cos* ^. 


10 . 


Bin(B-(7)_b*-c» 
sin (B+C)“ a* 


o + b-c . A' 3 

aTrro='"“2^^2- 

12. (b+c-a) ^cot ^ + cot ^^=2aoot^. 

13. a*+6*+c*sa2(bccos24 +ca cos B + o^oos C). 

14. (a* — b*+c*) tan B=: (a* +b*-c*) tan C. 

15. c*=(a - 6)* cos*^+ (a + b)* sin* ^. 

16. aBin(B- C) + 6Bin(C-^) + cBin {A - B)=0. 

17. acoSil+bco8B=eoo8(il-B). 

S B 

18. (a + e) tan + (a - c) cot -^ = 2c cot C. 

10. In a triangle whose sides are 3, 4, and ,^38 feet respectively, 
prove that the largest angle is greater 120*^. 
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[£xs. XX. 


20. The sides of a right-angled triangle are 21 and 28feet; find 
the len*;th of tlie perpendicular drawn to the hypotlienose from the 
right angle. 


21. If in any triangle the angles be to one another as 1:2:3, 
prove that the corresponding sides are as 1 : ,^3 : 2. 

22. The perpendicular to the base of a triangle ABC divides 
It into segments siurh that Bh, Cl), and AD are in the ratio of 2, 3, 
ana n; prove that the veitical angle of the triangle is 45®. 

23. In any triangle ABC if Z) be any point of the base BC such 

that bD : DC :: m : n, 

prove that (m + n) cot ADC=n cot B - wt cot C, 

(ni + n)^^Z)-=(m-f«) {mb-iw^) - mjia~. 


109. Identities holding between the trigono¬ 
metrical ratios of the angles of a triangle. 

hon three angles B, and (7, are such that their 
Sinn is 180*’, many identical relations are found to hold 
between their trigonometrical ratios. 

The metliod of proof is best seen from the following 
examples. 


Ex. 1. If .Z +£C= 180®, to prove that 

sin2.4 + sin2Z^-I-sin2C=4sin.4 sin^sin C. 
sin 2 A + sin 2B + sin 2C 

= 2 Bin {A + B) cos {A-D) + 2 sin C co.s C. (.\rt3. 48, 57) 


Since 
we have 
and therefore 
and 

Bence the 


.4+2?+C=180°, 
^-fB = 180 °-C, 
sin(.4-Hil)j=siriC', 

cos (.4 +B)=- cos C. 
expression 


(Art. 42) 


= 2 sin C cos (.4 -5)-h2 sin C'cos C 
= 2 sin C [cos (.4 -1?) + cos C] 

= 2 sin C[cos (J -B)-cos (.4 + 2?)] 
= 2 sin C. 2 sin A sin B 
=4 sin A sin B sin C. 
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Ex. a. If 

prove that 

The expression 


^+i?+C=:180®, 

cos A + cos B — cos C= -1 + 4 cos cos ^ sin ^ . 

^ ^ ^ 


=■ cos A + (cos B - cos C) 


Now 
so that 

and therefore 


=:2cos’*^-l + 2sm —^ sin— 
B + 0 = 180 '^-^, 


B + <7 


A 


and 


6m-2-=coB^, 

•B + ^ ^ 

2-=®“'2* 


Hence the expression 


f% 1 A A . G ^ B 

Ss2cOS--^- 1 + 2c087r BID • - 

it A 2 


„ AT A . c-Bn , 
= 2co8 2[^co8^ + 8m -2-J-l 


=2 cos 


AT . B 

^Lem- 


B+C . C-B 
2- 


]- 


« A ^ . C B , 

5= 2 cos 5 * . 2 6LQ ^ COS - 1 
2 2 2 

s - 1 + 4 cos 003 ^ Bin ^ . 

2 2 2 


(Arts. 57, 48) 


Ex. a. 1 / ^ + B + (7= 180°, 

prore that 8in2/l+sin“iJ + sin3(7=2 + 2cosAco8Bco8e. 


Let 
so that 


Blnce 


5=sin®^ + sin^'B + Bin®Cr. 

2S=2sm®^ + l-co82B + l-cos2C (Art. 67) 

= 28102^1+2-2cos(B + C)cos(B-C) (Art. 48) 
=2-2 cos2^ + 2 - 2 cos (B + C7) cos (B - (7) 

= 4 + 2 cos .4 cos (B + C) + 2 cos A cos (B - (7), 
cos4 =C08 (180° - (B + <7)} = - cos (B+ C). 

S= 2 + cos 4 [cos (B-C7)+cos (B + C)] 

= 2 + 008 A . 2 cos B cos 0 
=2+2 COB A cos-B cos C. 
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Ex. 4. 

prove that 


If A + B + C=m°, 

tan A + tan B + tan G = tan A tan B tan C. 


tan (^ + B) = tan (180® - C) = - tan G. 

tan A + tan B ^ _ 

1 - tau A tan B 

tan^+ taniJ= - tan C + tan^d tanBtan C, 
i. e. tan A + tan B + tan C =tan A tan B tan G. 


(Art. 42) 


If ^ 

1 . 

2 . 

3. 

4 

5. 

6 . 





10 . 

11 . 

12 . 
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+ B + C—180®, prove that 

sin 2A +sin2P - sin 2C=4oosA cosPsin C. 

cob2A + oos2P + cos2C— -1 - 4 cos ^ cos P cos G. 

cos2i4 +cos2£ -co8 2Cs:l • 4 sin sin P cos G . 

A, S G 

sin A + sin B + sin C=4 cos cos cos . 

A « A 

• j • T> . ^ ^ . A . B C 
sm+ smB - am (7s4 8m ^ sm ^ cos - * 

A B G 

cos A + cos B + cos C = 1 + 4 sin — sin — sin . 

2 2a 

sin^^ + sin^P - sin^C = 2 sin A sin B cos G. 
cos^A + cos®P4- oos*<7=1-2 cos A cos B cos G. 

COB* A +co8*B - cos*(7 =1 — 2 sin A sin B cos C. 

, ~A . nB . nG _ ^ . A , B . G 

sin*^+8in*^ + 8in*^ = l-28in^ sin ^ sm-^ . 

sm* ^ + sm* ^ - sm* ^ = 1 - 2 cos ^ cos ^ sm ^. 


, A, B , B^ C , C, A . 
tan^tan^+tan^tan^ + tan^tan^ = l 

,A ^B ,G ^A 
cot^+oot^+oot^=oot^ oot^ • 
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ill 


li. 

15. 


oot B cot C+cot (7 oot 4 + cot cot B = 1 . 

sm(5+20+8in((7+2^) + 8m {A-i-2B) 


= 4 sin 


B-C . C~A 


Bin - 


A-B 


• sm 



Hip 2^4-sin 2.B+Bi n2C 

ain ^ + Bin B + ein C?" ~8 



17. ain(B + C-^) + am(C + .4-B) + sinU+i?-C’) 

=54fim^ BinBein C. 

18b cot a +oot B +cot C — cot./4 cot.HooiC^co96C^ coseoPcosecC. 



CHAPTER XI. 

SOLUTION OF TRIANGLES. 

110. In any triangle the three side.s and the three 
angles are often called the elements of the triangle. When 
any three elements of the triangle are given, provided they 
be not tije three angles, the triangle is in general completely 
known, i.e. its other angles and sides can bo calculated. 
When the three angles are given, only the ratios of the 
lengths of the sides can be found, so that the triangle is 
given in shape only and not in size. When three elements 
of a triangle are giv<‘n the proce.ss of calculating its other 
three elements is called the Solution of the Triangle. 

Wo shall first discuss the solution of riglit-angled 
triangles, i.e. triangles wliich have one angle given equal 
to a rigiit angle. 

O O 

The next four articles refer to such triangles, and C 
denotes the right angle. 

111. Case I. Given the hi/pothenuse and ove side., to 
solve the triangle. 

Ijet h be the given side and c the given hypothenuse. 

The angle B is given by the 
relation 

sin B ~ . 

c 

Sin B is thus a known decimal 
and the value of B can be found by 
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Table II. If h and c are large numbers it may be 
easier to take logarithms, and then we have ^ 

L sin 5=10 + log b — log c. 

^ known, we have Zsin/? and tliere- 


The angle A (= 90“ - B) is then known. 

The side a is obtained from eitlier of the relations 

b 

a 


cos 


•®~c’ = « = y(c-i)(c + 6). 



Here B is given by 

tan Z = -. 
a 

Hence B is known by Table III; 
or if b and c be large numbers we 
have, by taking logarithms, 

L tan Z = 10 + log b — log a. 

Hence L tan By and therefore By is known. 

The angle A (= 90“ - B) is then known. 

The hypothenuso c is given by the relation c = 

This relation is not however very suitable for loca- 
rithraic calculation, and c is best given by 

sinZ = ^, i.e. c = -A^. 
c sin 5 


logc 


Hence c is obtained. 


log b - log sin B 

10 + log i — Z sin .5. 


L. E. T. 


8 
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113. Case III. Given an angle B and one of the aides 
a, to solve the triangle. 

Here A (- 90“ — B) is kuown. 

The side h is found from the re¬ 
lation 

- = tan 
a 

and c from the relation 



- = cos B. 
c 


114. Case IV. Given an angle B and the hypothenuse 
Cy to solve the triangle. 

Here A is known, and a and h 
are obtained from the relations 

- = cos-fi, and - =sin^. 
c c 



EXAMPLES. 


:#:« I 


1. In a right-angled triangle ABC, where C is the right angle, if 
a:=50 and B=75®, find the sides. (tan75®=2-h,y3.) 

2. Solve the triangle of which two sides are equal to 10 and 20 feet 
and of which the included angle is 90'^: given that 

tan26®33'=-49967 
and tan 26® 36'=-50076. 

3. If a=324'5ft., 5=658-7 ft., and C=90®, find A and c, by the 
help of the tables. 

4. A road rises vertically one foot for every six feet of its length; 
find, by the help of the tables, its inclination to the horizon to the 
nearest minute. 

5. A road is inclined to the horizon at a uniform inclination of 
10 ®; find how much it rises vertically in 100 yards of its length. 

0, The angular elevation of the sun above the horizon is 37®; 
find the length of the shadow of a tower whose height is 150 feet. 
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npon’ the base ^ triangle 

angle axe 4 and 6 inches. Find the angled havtag gWor‘“““‘* 

log 2=:-30103, log 3 = *4771213, 

I. sin 36® 52'= 9*7781186. diflf. for l'=’lG84, 
and i:-sm48®35'=9-8750142, diff. for l'=1115’ 

from the oppositnnX Perpendicular drawn to it 


.h,“\ rsi„£ ii-iir 

The different causes to be considered are; 

Case I. The three sides given ; 

Case II. Two sides and the included angle given; 

them'^vfaf one of 

Case IV. One side and two angles given; 

Case V. The three angles given. 

116. Case I. The three sides a, h, and c given. 

The half-axtglea ^and ^ are then found fron, tl.e 
formulae 


tan 




~b) {8-c) 


a) 


y tan 


^(g-c) { s~a) 


and 


tan 


/ (^«) { s ~ b) 
V ~8{8^c) 


s{8~b) 


n..ri;r£ 

8—2 
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Tlie angles may also be found by using the formulae 
for the sine or cosine of the semi-angles. 

(Arts. 101 and 102.) 

The above formulae are all suited for logarithmic 
computation. 


The angle A may also Iw obtained from the formula 


cos A - 


Jr C-- a- 

Wc 


(Art. 100.) 


This formula is not, in general, suitable for logarithmic 
calculation. It may be conveniently used however when 
the sides a, h, and c are small numbers. 


117. Ex. 1. The fidcit of a triangle are 7, 10, and \Sfeet; 
vxiu'j (he formula for the cosine of an angle in terms of the sides 
and the tables at the end of this book, find the greatest angle. 

Here a = 7, 6=10 and c = 13. 

72 + 102 - 1.32 49 + 100-ICO 1 

^ = li^x Id ^-lid-= -7• 

cos(180°-C)=: - cos C=^= ■1429, 
correct to the fourth place. 

But, from Table II, 

Bin8®10' = -1421 
diff. for 2§'=|xdifif. for .3' = a 

6in8°12'40" = -1429. 

■ cos (180° - C) = 6in 8° 12'40"=cos (90° ~ 8° 12'40'') =co3 (81° 47'20"). 

C=180°-81°47'20" = 98°12'40". 

This is the nearest result that can be obtained with four-figure 
tables. If seven-figure tables be used, the answer would be found 
to be 98° 12' 48". 

Ex. 2. The sides of a triangle are 32, 40, and 66 feet; find the 
angle opposite the greatest side, having given that 

%207 = 2-31597, log 1073=3*03060, 

Lcot66°18' = 9'64243, tabulated difference for l'=34. 
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Sere a = 32, 6=40, and c=CG. 

_ XU * 32 + 40 + 66 

Bothat «=---= 69, «-a = 37, s-6 = 29 , ajia«-c- = 3. 
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Hence cot ? = / _liiz£L, - . 3\_ / 207 

2 V (»-a)(«-6) V 37x29 V lu73* 

^ 1 

L cot ^= 10 + ^ [log 207 - log 1073] 


C . 


= 10 +1*157985 - 1*51530 
= 9*642685. 

L cot ^ is therefore greater than L cot 66° 18', 

2 IS"* 

n 

Let then ~ = 66° 18' - of'. 

in thelngTe lhe“fo?e*''“ logarithm correaponaing to difference of c:- 

= 9*642685 
- 9*64243 


- *000255. 

Also the difference for 60"=*00034. 

X *000255 


Hence 


BO that 


GO *000340 ’ 
255 


.*. 2==GG°18'-45" = 66°17'15", and hence C 


= 132° 34'30''. 


EXAMPLES. XYTTT 

f \^.y. i»w*. X, <, o, ij, Id, 14) by an accurate graph.] 

We. ercatest 

Pi J' ^ triangle are 7,4 ^3, and yards respectively 

Find the number of degrees in its smallest angX. ^««pecuveiy. 



ns TRIGONOMETRY, [Exs. XXKL 

3. The sides of a trianple are x2 + x+l, 2 a:+l, and :t 2 -l; prove 

that the greatest angle is 120^ 

4. Tlie sides of a triangle are a, 6, and feet: find 

the greatest angle. 


5. If a —2, 6 — ^6, and c = ^3-l, solve the triangle. 

6. If fl=:2, 6=;,^6, and c=:.y3 + l, solve the triangle. 

7. If<7=t9, Z» = 10, and c = 11, find S, given 

cos58®5r=-51579 
and cos 59® =s-51504. 

8 . The sides of a triangle are 2, 3, and 4; find the greatest angle, 
having given 

cos 75® 3(y =-25038 
and cos 75® 33'=-24954. 

9. The sides of a triangle are 130, 123, and 77 feet. Find the 
greatest angle, having given 

log 2 = '30103, I-tan 38® 39'= 9-90294, 
and I,tan38®40' = 9-90320. 

10. Find the greatest angle of a triangle whose sides are 242,188, 
and 270 feet, having given 

log2 = -30103, log 3 = -4771213, log 7=-8450980, 

I, tan 38® 20'= 9-8980104, and i tan 38® ia'=9-8977607. 

Making xise of the tables, find, to the nearest minute, the angles of 
the triangles in the following cases: 

11. a = 5, 5 = 4 and c = 7. 

12. 0 = 9 cms., 5 = 10cm9. and c = 17cms.; check the result by 
an accurate drawing and measurement. 

13. 0=26, 5 = 26, and c = 27. 

14. 0 = 17, 6 = 20, and c = 27. 

15. a = 2000, 6 = 1050, and c = 1150. 

16. 0 = 634, 6 = 856, and c = 610. 

17. If tt = 638'4, 6=532-7, and c=935*l feet, find the angle .<4 to 
the nearest minute. 
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118. Case 11. Given two sides b and c and the uicluded 
cmgle A. 

^ Taking 6 to be the greater of the two given sides, we 


tan 


and 


B-C b^c 

2 

B + C 


cot ^ (Art. 107)...(1), 


f- = 90"-| 


( 2 ). 



These two relations give us ^ 

B~C - B+C 

— and — 

and therefore, by addition and subtraction, B and C. 
The third side a is then known from the relation 


sin A sinB* 


which gives a = b ^ 

sin ^ ’ 

and thus determines a. 

The side a may also be found from the formula 

a» = 6» + c*-26c cos 

This is not adapted to logarithmic calculation but is 

sometimes useful, especially when the sides a and 6 are 
small numbers* 


119. Iix. 1. I/b=^3, and A=30^, solve t/is trinnffle 


We have 


Now 


BO that 


Henoe 


cctl8«=V|.tl. 

tan^=l. 


B-C 


=46° 


( 1 ). 
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H 4- I 

Also =90°--=90®-15®=75‘'.(2). 

By addition, iJ = 120®, and, by sabtraction, C=30°. 

Since A—Cy we have a = c= 1. 

Otlierwise. We have 

r(2=62 + c2-26cco8^=3 + l -2^/3.^^ = l, 

£ 

so that a = l = c. 

C=^=30°, 

and = - C=120°. 

Ex. a. V&ing four figure tahleSy find the angles of the triangle 
in xohich a = 43, 6 = 29, and C=43°14'. 

, A-B a-b (7-14 7 

-2 =„ + t“‘2=72‘=°‘21 = 

From Tables I and V, 

log 7= -8451 

I-tan 08^* 20'= 10-4009 
diflE. for 3' = 11 

11-2471 
log 36= 1*5563 

L tan = 9*6908 

bat Z. tan 26° 8'=. 9*6907 diflf. forr=3 

1 . 

di£E, forz =|xr=20". 

= 26° 8' 20" 1 

=90°- ^ = 68°23'J ' 

Hence by addition A =94° 31' 20", 

and by subtraction 5=42° 14' 40". 

Ex. 3. If 6 = 215, c=105, and A =74?27', find the remaining 
angles and also a third side a, having given 

%2 = *30103, %11 = 104139, 

log 105 = 2*02119, log 212*48 = 2*32731, 

Zcot37° 13'= 10*11947, diff.fori'=26, 

Z tan 24° 20'=9*65535, df/f./or l'=34, 

Lsin 74° 27'= 9 *98381, 

and L eosec 28° 25' = 10*32250, diff. for l'= 23. 
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Here 


tan 


B-C h-c 


11 


2 = b + c 2 = 32 ^13' 30". 


But 


? Loot 37® 13'= 

1011947 


diff. for 30" = 

- ■ 13 


Z» cot 37® 13'30" = 

101193-1 


log 11 = 

1-04139 



11-16073 

•30103 

log 32 = 

1-50515 

5 

itan^(B-C) = 

9*65558. 

1-50515. 

L tan 24®20'= 

9-65535 


diiT.= 

23 



difif. for^^of CO" 

34 



sdiff. for 41". 


B-C 

-^ = 24® 20'41". 

Bat = 90® - I =52® 46' 30". 

by addition, B = 1V 7 ' 11 ", 

and, by subtraction, C— 28® 25' 49". 


Again 


a 





a= 105 sin 74® 27' cosec 28® 25' 49". 
But Leosec28®25'= 10’32250 

diU. for 49" = - • 19 


L cosec 28° 25' 49" = 

10-32231 

Lsin 74® 27'= 

9-98381 

log 105 = 

2-02119 

22-32731 

20 

A loga = 

2-32731 

/. a = 

212*48. 


49 

60 


x23 


n27 

60 
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EXAMPLES. XXTV. 

[The student should verify the results of some of the following 
examples {e.g. Nos. 6, 10, 11, 12, 13) by an accurate graph.^ 


1. If a = 2, 6 = l+,^3, and C=60®, eolve the triangle. 

2, Oue angle of a triangle is 30° and the lengths of the sides 
adjacent to it are 40 and 40^3 yards. Find the length of the third 
side and the number of degrees in the other angles. 


3. Two sides of a triangle are +1 and - 1, and the inclnded 
angle is 00'^; find the other side and angles. 

4. If 6= 1, - 1, and d =G0®, find the length of the side a. 

A 17 

5. If b = 91, c = 125 and tan prove that a=204. 

6. If a = 13, b = 7, and C=60° find A and B, given that 

log 3= *47712, 

and Xtan27°27'=9*71555, diff. forr=31. 

7. If a=i21, b = ll, and C=34°42^30". find A and B, given 

log 2 = -30103, 

and L tan 72° 38' 45"= 10*50615. 


8. If 5 = 90, c = 70, and ^ = 72°48'30", find B and C, given 

cot 36° 24'15" = 1*35617, 
tan9°37'=-16944, 
and tan9°38' = *16974. 


9. If the angles of a triangle be in a. p. and the lengths of the 
greatest and least sides be 24 and 16 feet respectively, ^d the length 
of the third side and the angles, given 

log 2 = *30103, log 3 = *47712, 

and L tan 19°6'=9-53943, diff. for l'=41. 

10. If a = 26, and C=120°, find the values of A, B, and the ratio 
of c to a, given that 

log 3=-4771213, 

and L tan 10° 63'=9 *2839070, diff, for l'=6808. 
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11, If 6 — 14, c —II, and ^ = 60®, find B and C, given that 

log2=-30103, log3 = -4771213, 

L tan 11® 44' = 9-3174299. 
i tan 11®45'=9-3180G-10. 

In the following examples, the required logarithms must he taken 
from the tables. 

12, If a = 30, 6 = 20 and C=22°, find the other angles. 

13, If 6 = 6, c=4 and =37°, find the other angles. 

14, If 6 = 27, c=43 and ^=44°, solve the triangle, finding the 
angles to the nearest minnte. 

15, If 6=29'6 ft., c = 13*4 ft. and ^ =33° 36', find the other angles. 

« « = 242-6, 6 = 164*3, and C=54°36', solve the triangle, 

finding the angles to the nearest minute. 

,v c=63, and .4=42°16', solve the triangle, finding 

the angles to the nearest minnte. ® 

a triangle being 2265 and 1779 feet, and the 
inoladed angle 68° 18, find the remaining angles. 

.1 £ a Wangle being 2371 and 131 feet, and the 

uoloded angle 57 68, find the remaining angles. 

120. Casein. Given two sides b aiui g and Die angle 

E opposite to one of them, ^ 

The angle G is given hj the relation 
sin (7 sin .S 


t.e. 


8uxC = -rBm£ 
o 


( 1 ). 



Taking logarithms, we determine o 
C, and then .4 (= 180" - .5 - (7) is ^ 

found, ' 

The remaining side a is then found from the relation 

a b 


i.e. 


sin .4 sin.fl’ 
sin A 


a^h 


sin.fi 


( 2 ). 
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121. The equation (1) of the previous article gives in 
some cases no value, in some cases one, and sometimes two 
values, for C. 

Hence, for some values of 6, c and B, there is a doubt 
or ambiguity in the determination of the triangle ; this case 
is therefore called the Ambiguous Case of the solution 
of triaijgles. 

Suppose that, given the elements 6, c, and By we 
construct, or attempt to construct, the triangle. 

We first measure an angle ABD equal to the given 
angle B. 

We then measure along BA a distance BA equal to 
the given distance c, and thus determine the angular 
point A. 

We have now to find a third point Cy which must lie 
on BD and must also be such that its distance from A 
shall be equal to b. 

To obtain it, we describe ^vith centre A a circle whose 
radius is h. 


The point or points, if any, in wliich this circle meets 
BD will determine the position of C. 



FJg.4 
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Draw AD perpendicular to 7?/), so that 

AD ~ AB B =.c sin B. 

One of the following events will happen. 

The circle may not reach BD (Fig. 1) or it may t<iucli 
BD (Fig. 2), or it may meet BD in two point.s C, and 
(Figs. 3 and 4). 

In the case of Fig. 1, it is clear that tliere is no trijingle 
satisfying the given condition. 

Here b<ADy i.e. < c sin B. 

In the case of Fig. 2, tliere is one triangle ABD wliich 
is right-angled at D. Here 

6 = .4/) = csin B. 

In the case of Fig. 3, there are two triangles ABCi 
and ABC 2 > Here b lies in magnitude heween AD and c, 
i.e. b is >csin B and <c. 

In the case of Fig. 4, there is only one triangle ABCy 
satisfying the given conditions [the triangle ABC<. is 
inadmissible; for its angle at B is not equal to B but is 
equal to 180“ — B'\. Here b is greater than both c sin B and c. 

In the case when B is obtuse, the proper figures 
should be drawn. It will then be seen that when b<c 
there is no triangle (for in the corresponding triangles 
ABC-^ and ABC^ the angle at B will be 180“ — B and not 
B). If 6>c, it will be seen that there is one triangle, 
and only one, satisfying the given conditions. 

To sum up: 

Given the elements 6, c, and of a triangle, 

(a) If b be <csin B, there is no triangle. 

{p) If 6 = c sin B, there is one triangle right-angled. 

(y) If 6 be >c sin 7? and <c and B bo acute, there are 
two triangles satisfying the given conditions. 

(5) If 6 be >c, there is only one triangle. 

Clearly if 6 = c, the points B and in Fig. 3 coincide 
and there is only one triangle. 

(«) If 7? be obtuse, there is no triangle except when 

h>c. 
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122. Without detenuining the other angles the third 
side may be found thus. 

From the figure of Art. 120, we have 

-v a? — 2ca cos B. 

Tlierefore 

— 2ac cos B + c~ cos'^ B -Ir — c^ + c~ cos^ B — b^^c^ sin’^ B. 

a — c con B =-^‘Jb-— By 

a = c cos B — (? sin® B .(1). 

Now (1) is an equation giving two values for a when 
by Cy and B are given. 

It would be found that as in the previous article these 
two values of a would be real and positive only wlien 
^/Xjsin B and <c. 

123. Ex. Given 6=16, c = 25, and ^ = 33®15', prove that the 
triangle is ambiguous and find the other angles, having given 

% 2= *30103, L sin 33° 15' = 9-73901, 

Xsm58°56'=:9-93276, 

and X«jn 50° 57'= 9*93284. 

"We have 

Bin C=^sinX=^ sin J5 = ^Bm 33° 15'. 

6 16 64 2* 

Hence L sin <7= 2 + X sin 33° 15' - 6 log 2 

=9*93283. 

Hence X sin C- 9*93283 X sin 68° 57' = 9*93284 

X sin 58° 5G'= 9-93276 X sin 58°56'=9*93276 

Diff.= 7 Diff. for l'= 8 

7 

.*. angular dilf. = -X 60" 

8 

= 53" nearly. 

.*, C=58° 56'53" or 180°-58° 56'53". 

Hence (Fig. 3, Art. 121) we have 

Cl = 58° 56'53", and 0^ = 121" 3'7". 

I BAC^ = 180° - 33° 15' - 58°56' 53"=87°48' 7", 
and 1 5/lCj=180°-33°l5'-121°3'7"=25°41'63". 
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examples. XXV. 


7 Y 9 *iT^?9 A ofthefoUoxoing e^camplcs 
\e.g. i>o«. a, o, i, «, 9, 11, 12, 13) by an accurate graph.] 

1. If a= 6 , 6=7, and am^=-, is there any ambiguity? 

2. If 0 = 2, c=,y3 + l, and A =45®, solve the triangle. 

3. If a= 100, c = 100^3, and A =30®, solve the triangle. 

4. If 26 = 3a, and tan3yl=|, prove that there are two values to 
the third side, one of which is double the other. 

5. If j4=30®, 6 = 8 , and a= 6 , find e. 

6 . In the ambiguous case given a, 6 . and A, prove that the 
difference between the two values of c is 2 ^a'^-b-^siu^A. 

7. If 0 = 6 , 6=4, and .4 = 45®, find the other angles, having given 

log2=*30103, I.sin33°29'=9‘75205, 
L8m33®30'=9-75310. 

are foUowing trianglea 

““‘"r '’•“''I® “/ ambigaoua case 

and the other angles in both cases. 


Given 


and 


(1) /!=30®, c=250 feet, and a=125 feet; 

(2) .4=30®, c=250 feet, and a = 200 feet. 

sin 38® 41'=-625, 
sin 8®41'=-16097. 


hav&g“ivfn reaultiag trianglea, 

log2= *30103, log3= *47712, 

log 171=2-23301, log 368 = 2-56635, 

L sin 11® 48' 39"=9-31108, L sin 41® 48' 39"=9-82391, 

Lsinl08°ir21"=9*97774. 
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10. Two straight roads intersect at an angle of 30°; from the 
point of junction two pedestrians A and B start at the same time, 
A walking along one road at the rate of 5 miles per hour and 
B walking unifoimly along the other road. At the end of 3 hours 
they are 9 miles apart. Shew that there are two rates at which 
B may walk to fnlhl this condition and find them. 

For (he followimj examples, a hook of tables will he required; for 
the Jirst three the angles are to be found to the nearest minute. 

11. Given a = 7, 6 = 4, P = 30°, solve the triangles. 

12. Given 6=7, c = 3, B=30°, solve the triangle. 

13. Given a = 5, c=;10, /I =20°, solve the triangles. 

14. Two sides of a triangle arc 1015 feet and 732 feet, and the 
angle opposite the latter side is 40°; find the angle opposite the former 
and prove that more than ono value is admissible. 

15. Two sides of a triangle being 5374 and 1586 feet, and the 
angle opposite the latter being 15° 11', calculate the other angles 
of the triangle or triangles. 

16. Given vl = 10°, rt = 2308, and 6 = 7903, find tho smaller value 
of c. 


124. Case IV. Given one side and two angles, viz. 
a, R, and C. 

Since the three angles of a triangle are together equal 
to two right angles, the third angle 
is given also. 

The sides 6 and c are now ob¬ 
tained from tlie relations 

6 _ c _ a 

sin .5 sin C sin.d * 

sin B 


giving 


b a 



sin A 


sin A ' 


125. Ca^e V. The three angles A, B, and C given. 

Here the ratios only of the sides can be determined by 
the formulae 

a h c 

sin .d sin ^ sin 6'* 

Their absolute magnitudes cannot be found. 
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XXVI. 



17 1 

If cos^ ~22 ^~r5 * ratio of a : b : c. 


2. If cos^ = - and cos Ji = ^- , prove that the sides of the triangle 
are proportional to 13, 14 and 15. 

3. If = 45°, B = 75°, and C= G0°, prove that n + c ^ = 2b, 

4. _ Two angles of a triangle are 41° 13' and 71° l^ and the side 
opposite the first angle is 55; find the side opposite the latter angle 
given 

log55 = l-74036, log7907 = 3-89803, 
I-sin41°13'=9-81882, 
and I. sin 71° 19'= 9-97049. 


5. From each of two ships, one mile apart, the angle is observed 
which is subtended by the other ship and a beacon on sliore; these 
angles ore found to be 52° 25' 15" and 75° 9' 30" respectively. Given 

L sin 75° 9' 30" = 9-9852035, 

L sin 62° 25' 15" = 9-8990055, log 1-2197 = -0802530, 
and log 1-2198 = -0862880, 

find the distance of the beacon from each of the ships. 

6. The base angles of a triangle are 22J° and 112 J°; prove that 
the base is equal to twice the height. 


For the folloioing que$tions a book of tables is required. 

7. The base of a triangle being seven feet and the base angles 
129° 23 and 38° 36', find the length of its shorter side. 

8. If the angles of a triangle be as 5 : 10 : 21, and the side opposite 
the smaller angle be 3 feet, find the other sides. 

9. The angles of a triangle being 150°, 18° 20', and 11° 40', and 
the longest side being 1000 feet, find the length of the shortest side. 

10. Two angles of a triangle are 61° 25' and 43° 37' and the side 
opposite the former is 637 feet; find the side opposite the latter. 

9 


L. E. T. 
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[Exs. XXVI. 


11. Tlie baso of a triangle is 2 feet long and tho angles adjacent 
to the baso are 30'’and 45®; find the lengths of tho three perpendiculars 
of tho triangle. 

12. To get the distance of a point A from a point B, a line BCand . 
tlie angles A BC and BCA are measured, and are found to be 287 yards 
and 55°32^ and 51°8' respectively. Find the distance AB. 

13. To find the distance from /f to i’ a distance, AB, of 1000 yards 
is measured in a convenient direction. At A the angle PAB is found 
to be 41° 18' an<l at B the angle PBA is found to be 114°38'. What is 
the required distance to the nearest yard? 





CHAPTER XI 1 . 

HEIGHTS AND DISTANCES. 

126. In the present chapter we shall consider some 
questions of the kind which occur in land-surveying. 
Simple questions of this kind have already been considered 
in Chapter III. 

127. To find the height of an inaccessible tower by 
means of observations made at distant points. 

Suppose PQ to bo the tower and that the ground 
passing through the foot Q of the 
tower is horizontal. At a point A 
on this ground measure the angle 
of elevation a of the top of the 
tower. 

Measure off a distance AB (=a) 
from A directly toward the foot of A 
the tower, and at B measure the 
angle of elevation 

To find the unknown height x of the tower, we have 
to connect it with the measured length a. This is best 
done as follows; 

From the triangle PBQ^ we have 

;^=siu^.(1), 



9—2 
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and, from the triangle PAB^ we have 

PB sin PAB sin a 


a sinBPA sin(/? —a). 

since l BPA ^ ^ QBP ~ i^QAP = ^ - a. 

From (1) and (2), by multiplication, we li.ave 

X _ sin a sin ^ 
a sin(/3—a)^ 


( 2 ), 


i.e. 


sin a sin B 
X = a -T 


sin (jS - a) * 

The heiglit x is therefore given in a form suitable for 
logarithmic calculation. 

Numerical Example. If a = 100 feet, a=s30°, and ^ = 60°, then 

,--6m30°sin60° .^3 ^ ^ 

* sin 30->^~ = * V = ®“'® 


128. It is often notconvenienttomeasuro^/Zdirectly 
towards Q. 

Measure therefore AB in any 
other suitable direction on the hori¬ 
zontal ground, and at A measure the 
angle of elevation a of Py and also 
the angle PAB(= /?). 

At B measure the angle PBA 

(=r)- 

In the triangle PABy we have 
then 

i. APB = ISO'’ ~ L. PAB- L. PBA = 180“ -(/? + y). 

-LT AP sin sin y 

ence — = • 

From the triangle PAQy we have 

. „ . sin a sin y 

X = AP sm a = o .— T7J—V • 

sm(y5+y) 

Hence x is found by an expression suitable for 
logarithmic calculation. 
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129. Instead of the )neasureinents in the foregoinff 
article the elevations, PAQ and PBQ, at the points A and B 
might be taken and the distance AB and the angle QAB 
measured. Unless, however, the angle QAB is a right 
angle the solution is not in general easy or suitable for 
logarithmic calculation. 


When QAB is a right angle, the method of procedure 
■will be easily seen from the following example. 

It a « horizontal 

of tL fnt:^ ^7^L^^ o/e/<rat»on U 30 %* find the hei.jht 

of the toxcer and hie original dUtance from it. 



✓3 


soufu“‘ Ah^e Z Ao? ^‘'- 

The engles P3IA. PUB, end UAB are therefore all right angles. 

For simplicity, since the triangles PAU, PBU, and ABU are in 

different planes, they are reproduced in the second thiA aiA four h 
figures and dra\vn to scale. ’ ’ lourta 


Wo are given ^ 21=300 feet, zPJJ/=.C 0 °, and /P 2 ?J/= 30 ‘> 
Let the height of the tower be x feet. 

From the second figure, 


AM 


=cot60== 


_1_ 

n/3’ 


X 
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From the third figure, 


BM 


= cot30°=V3, 


60 that BM = ^J'i . X. 

From the last figure, we have 

i. e. 3 ^ + 300-. 

o 

8x2=3x3002. 

300^3 s'6 «. /« 

= 75 X 2-4494D... = 183-71... feet. 
Aleo his original distance from the tower 

=xcot 60® =-^ = 75 X ^J2 

sjo 

= 75x (1-4142...) = 100-OG5... feet. 


asore generaUy. If the angles PA <V, PBM be any angles a and 
/9 and the distance Ali be a, then on drawing similar figures to the 
above we have from the triangles PAM, PDM 

AM — xcoiPAM=xcoia, and .B.1/=xcotP/?jlf=.tcot/S. 


Hence the triangle BAM gives 

X2cot2/9 = x2c0t2a + a2 

2 _ a* _ g^flin^tt Bin^jg 

^ '"cot^/S-cot^a” sin^acos^^-cos^osin*^ 

_ g^sin^asi n^jg _ 

~ [sin o cos p + cos o sin[sin a cos/3 - cos o sin 

g^ein^asin^/g 
“ sin (a + .sin (o - ' 

g sin a sin/9 

* X ^ * * * 

-s/sin (a + ^) sin (o —/S) 

this is a form suitable fur logarithmic calculation. 


130. To find the distance betuoeen two hiaccessihle 
•points by means of observations made at ttoo points the 
distance between which is knovm, all four being 

supposed to be in one plane. 
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Let E aiid Q be two points whose distance apart. PO 
is required. 


Let A and B be tlie two known 
points whose distance apart, is 
given to be equal to a. 

At A measure the angles PAB 
and QAB^ and let them be a and ^ 
respectively. 

At B measure the angle PBA and 
QBA^ and let them be y and S respectively. 

Then in the triangle PAB we have one side a and the 
two adjacent angles a and y given, so that, as in Art. 99, 
we have A P given by the relation 



B 


since 


AP _ sin y siny 
o, %\j\.APB sin(a + y) ' 

L 180“ - L PAB - L PBA 



= 180“-(a + y). 

In tho triangle QAB we have, similarly, 

AQ _ sin S _ sin & 
a sin AQB~ &in{/3+S) . 

In the triangle APQ we have now determined the 
sides AP and AQ; also the included angle PAQ(=a-^) 
is known. We can therefore find the side PQ by the 
method of Art. 118. 


131. Ex, A JlngstaJf stands on thi! 
distant a feet from the foot of the fotpcr, 
the angular eUvations of the top of the 
tower and flagstaff are a and find 
the height of the flagstaff. 

Let AB{ = x) bo the height of the 
tower, and S5(=y) the flagstaff; also 
let O be the observer. 


Then 

and 


a;=5atana .(1), 

a: + i/ = otan^ .(2). 


top of a tower; at a point 
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Hv siilitractioi), 

1 


y = a (tan/3- tana) 

sin/3cosa - cos/9sin o 


=a 


i.e. y~a 


cos^cos a 
sin - a) 


(3). 


cos/3 cos a 

This latter form is suitable for logarithmic calculation. 

If again the height of the tower is given but not a, then (1) anti 
(2) give, by divisit>n, 

y + J _ tan ^ sin ^ cos a 
j: tan a cos ^ sin a * 

C sin 0 cos g - cos /3 sin an sin (/3- o) 

eos/3 8ina J“'*ci)s 


ci)s/3 sin a 


132. Bearings and Points of the Compass. 

The Bearing of a given point B as seen from a given point 
O is tlie direction in wliich B is seen from 0. Thus if the 
direction of OB bisect the angle between East and North, 
tlie bearing of B is said to be North-East. 

If a line is said to bear 20° West of North (for brevity 
written N. 20° W.), we mean that it is inclined to the 
North direction at an angle of 20°, this angle being 
measured from the North towards the West. 

So W. 15° S. means a direction obtained as follows; 
fii-st look West and then turn your eyes through an angle 
15° towards the South and the direction you are now look¬ 
ing in is the required direction. 

To facilitate the statement of the bearing of a point 
the circumference of the mariner’s compa.ss-card is divided 
into 32 equal portions, as in the above figure, and the sub¬ 
divisions marked as indicated. Consider only the qua<lrant 
between Ejist and North. The middle point of the arc 
between N. and E. is marked North-East (N.E.). The 
bisectors of the arcs between N.E. and N. and E. are 
respectively called North-North-East and East-North-East 
(N.N.E. and E.N.E.). The other four subdivisions, 
reckoning froni N., are called North by East, N.E. by North, 
N.E. by East, and East by North. Similarly the other 
three quadrants are subdivided. 
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It is clear tliat the arc 
the card subtends an angle of 


between two subdivisions of 

360 “ . 

22 » t!ie centre 



EXAMPLES. XXVIL 


1. A flagstaff stands on the middle of a square tower. A man on 

Saa f opposite the middle of one face and distant from it 
100 feet, just sees the flag; on hia receding another 100 feet, the 
tangents of elevation of the top of the tosver and the top of the 

flagstaff are found to be ^ and ^. Find the dimensions of the tower 
and the height of the flagstaff, the ground being horizontal. 


2. A man, walking on a level plane towards a tower, observes that 

at a oertom point the angular height of the tower is 10®, and. after 

^ing 60 yards nearer the tower, the elevation is found to be 15® 
Having given * 

L sin IG^rsO'diaO, L cos6®=9‘9983, 
log25-78=l-4113, 

find the height of the tower in yards. 
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3L a person on a ship sailing north sees two lighthouses, which 
are 6 miles apart, in a line due west; after an hour’s sailing one of 
them bears S.W. and the other S.S.W. Find the ship’s rate. 

4. A tower, 50 feet high, stands on the top of a mound; from a 
point on the gi'ound the angles of elevation of the top aud bottom of 
the tower are found to be 75® and 45® respectively; find the height of 
the mound. 

5. A vertical pole (more than 100 feet high) consists of two parts, 
the lower being -rd of the whole. From a point in a horizontal 
plane through the foot of the pole and 40 feet from it, the upper 
part subtends an angle whose tangent is . Find the height of the 
pole. 

6. A person in a balloon, which has ascended vertically from flat 
land at the sea level, observes the angle of depression of a ship at 
anchor to be 30®; after descending vertically for 600 feet, he finds the 
angle of depression to be 15°; find the horizontal distance of the ship 
from the poiut of ascent. 

7. A lighthouse, facing north, sends out a fan-shaped beam of 
light exteu<ling from north-east to north-west. An observer on a 
steamer, sailing due west, first secs the light when he is 5 miles away 
from the lighthouse and coutinucs to see it for 30^2 minutes. What 
is the S2)eed of the steamer? 

8. A person on a ship sees a lighthouse N.W. of himself. After 
sailing for 12 miles in a direction 15° south of W. the lighthouse is 
seen due N. Find the distance of the lighthouse from the ship in 
each position. 

9. A tower stood at the foot of an inclined plane whose inclination 
to the horizon was 9®. A Hue 100 feet in length was measured straight 
up the incline from the foot of the tower, and at the eud of this line 
the tower subtended an angle of 54®. Find the height of the tower, 
having given 

log 2=-30103, log 114-4123 = 2-0584726, 
and L sin 54® ss 0-9079576. 

10. A man stands at a point A* on the bank XY of a river with 
straight aud parallel banks aud observes that the line joining X to a 
point Z on the opposite bank makes an angle of 30° with'AF. He then 
goes along the bank a distance of 200 yards to Y and finds that the 
angle ZYX is 60°. Find the breadth of the river. 
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11. From a point /I on a level plane the angle of elevation of a 
balloon is a, the balloon being south of A ; from a point 1), which is 
at a distance c south of the balloon is seen northwards at an 
elevation of find the distance of the balloon from A and its height 
above the groand. 

12. -P i3 the top and Q the foot of a tower standing on a horizontal 
plane,* A and B are two points on this plane such that AB is 

32 feet and (3^45 is a right angle. It is found that cotP/l(3=gand 

cotPPQ = 

find the height of the tower. 

13. PQ is ^ tower standing on a horizontal plane, Q being its 
foot; 'a and B are two points on the plane such that Iho z QAB 
is 90®, and AB is 40 feet. It is found that 

tan PilQ = ^ and tan PBQ = 2. 

<5 

Find the height of the tower. 

14. The elevation of a steeple at a place due south of it is 45® and 
at another place due west of the former place the elevation is 15®. If 
the distance between the two places be a, prove that the height of the 
steeple is 

g (n/3 -1 ) 

24/3 ■ 

15. A and B are two stations 1000 feet apart; P and Q are two 
stations in the same plane as itiO and on the same side of it; the angles 
PAD, PDA, QAB,an<lQDA are respectively 75®, 30®, 45®, and 90°; find 
how far P is from Q and how far each is from A and B. 

16. At the foot of a mountain the elevation of its summit is 
found to bo 45®; after ascending one mile up a 8loi>e of 30® inclination 
the elevation is found to be 60®. Find the height of the mountain. 

17. A vertical tower stands on a slope which is inclined at 15® 
to the* horizon. From the foot of the tower a man ascends the slope 
for 80 feet, and then finds that the tower subtends an angle of 30°. 
Prove that the height of the tower is 40 («y6 - *^2) feet. 

18. The altitude of a certain rock is 47°, and after walking 
towards it 1000 feet up a slope inclined at 30® to the horizon an 
observer finds its altitude to be 77®. Find the vertical height of the 
rock above the first point of observation, given that Bin4°= ’0698. 
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19. Two flagstaflfs stand on a horizontal piano. A and B are two 
points on tho line joining tlie bases of the flagstaffs and between them. 
The angles of elevation of the tops of the flagstaffs as seen from A are 
30 and GO’ and. as seen from B, they are GO’ and 45’. If the length 

AB be 30 feet, find the heights of the flagstaffs and the distance 
between them* 


20. A square tower stands upon a horizontal plane. From a 
point in this plane, from which three of its upper comers are visible, 
their angular elevations are respectively 45®, 60’, and 45’. Shew that 
the height of the tower is to the breadth of one of its sides as 
v/G(v/5 + l) to 4. 

21. A man, walking due north, observes that the elevation of a 
balloon, which is due east of him and is sailing toward the north-west, 
is then CO’; after he lias walked 400 yards the balloon is vertically 
over bis head; find its height supposing it to have always remained 
tho same. 

22. A tower subtends an angle a at a point on the same level as 
the foot of the tower, and at a second point, h feet above the first, the 
depression of the foot of the tower is /3. Find tlio height of the tower. 

23. A column is E.S.E. of an observer, and at noon the end of 
the shadow is North-East of him. The shadow is 80 feet long and the 
elevation of the column at the observer’s station is 45°. Find the 
height of the column. 

24. A bridge has 5 equal spans, each of 100 feet measured from 
the Centre of the pieis, and a boat is moored in a line with one of the 
middle jaers. The whole length of the bridge subtends a right angle 
03 seen from the boat. Prove that the distance of the boat from the 
bridge is 100^6 feet. 

25. A ladder placed at an angle of 75° with the ground just 
reaches the sill of a window at a height of 27 feet above the ground on 
one side of a street. On turning the ladder over without moving its 
foot, it is found that when it rests against a wall on the other side of 
the street it is at an angle of 1.5° with the ground. Prove that the 
breadth of the street and the length of the ladder are respectively 

27 (3-^3) and 27 (,^6-^2) feet. 

26. A rod of given length can turn in a vertical }'lano passing 
through the sun, one end being fixed on tho ground; find the longest 
shadow it can cast on the ground. 

Calculate tho altitude of llie sun when the longest shadow it can 
cast is 34 times the length of the ro<l. 
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nor?h * ® tower, which leans towards the 

north, are at distances a and b from its foot; if a and B be the 

Mnati*oVto the tower from these stations, prove that its 

nounation to the horizontal is the angle whose cotangent is 

b cot a~ a cot B 

28. A tower 150 feet high stands on the top of a cliff 80 feet hieh 
At what point on the plane passing through the foot of the cli/T must 
an observer plwe himself so that the tower and the cUflf may subtend 
equal angles, the height of his eye being 5 feet? ^ 

29., The angle of elevation of a cloud from a point h feet above 
a lake is a, and the angle of depression of its reflexion in the lako is 

B ; prove that its height is h 

sin (^ - a) ‘ 


EXAMPLES XXVm. 

the angle that 5lC a^P “f the river and 

aaSSSsaaeSSSs 

3. At a point on a horizontal plane the elevation of c. 
of a mountain is found to be oo® iv elevation of the summit 

the hill and the horizontal distance to tCncatet mnes.o'e.''"*'^ 

angL„^XaUo':?oltt''tonoftb •>““ " ‘“-o- ‘ho 
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6. AB is a line 1000 yards Ion" ; B is due north of A and fromS 
a distant point P bears 70® east of north ; at ^ it bears 41° 22'east of 
north ; find the distance from A to P. 


7. A, B and C are three church towers; A and B are 3 miles 
apart and A bears N.W. from B; from C, A bears N. 35° E. and B 
bears N. 70® E.; find the distances of A and B from C. 


8. From a lighthouse two ships A and B are seen in directions 
S.S.E. and E. 10° N. Also the distance between A and P is 2 miles 
and from P is seen in a direction N. 15° E. Find the distances 
of the two ships from the lighthouse. 


9. P and Q are two stations 1000 yards apart on a straight 
stretch of sea shore, which bears East and West. At P a rock b^rs 
42° West of South and at Q it bears 35° East of South. .Shew that 

the distance of the rock from the shore is 1000 — yards, 


and calculate this distance to the nearest yard. 


Biuir 


[If P be the rock, then zPP(3 = 48°and z P<?P=55°, so that 

Z QBP= 180° - 48° - 55°=77°. 

If X be the length of the perpendicular fronx Jt upon PQ, then 


X 

BP 


= sin 48°, 


and 


BP sin sin 55° 
“ sin P ” sinW° ’ 


Hence, by multiplication, 


X 

i^“ 


sill 48° sin 55° 
8in^77° 



10. A and P are two points, which are on the banks of a river and 
opposite to one another, and between them is the mast, PN, of a ship; 
the breadth of the river is 1000 feet, and the angular elevation of 
P at is 14° 20^ and at P it is 8° 10'. What is the height of P above 
AB7 


11. A is a station exactly 10 miles west of P. The bearing of a 
particular rock from A is 74° 19' east of north, and its bearing from 
P is 20° 51' west of north. How far is it north of the line AB7 

12. A road 1890 yards long runs N.E. and S. W. From one end 
of it the base of a spire bears W. 18° 17' S. From the other end of 
the road it bears N. 21° 39' E. Find the distance of the spire fiom 
the road. 
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13 . A tower PN stands on level ground. A base is 
measured at right angles to AN, the points A, li, and N being in 
the same horizontal plane, and the angles PAN and PUN are 
found to be a and /9 respectively. Prove that the height of the 
tower is 

_ sin g sin /3 

sin (a - sin (a + /3) 

If .d/JslOO feet, a = 70®, and /9=50®, calculate the height. 

14 . A man, standing due sputh of a tower on a horizontal piano 
through its foot, finds the elevation of the top of the tower to bo 
64® 16'; he goes east 100 yards and finds the elevation to bo then 
50® 8'. Find the height of the tower. 

15 . A man in a balloon observes that tlie angle of depression of 
an object on the ground bearing due north is 33®; the balloon drifts 
3 miles due west and the angle of depression is now found to be 21®. 
Find the height of the balloon. , 

16 . A inan observes that the an^lar elevation of the top of a 
monument is a; he then walks a distance a directly towards the 
rnonument up a slope whose inclination is /3 and then finds the eleva¬ 
tion to be y. Shew that the height of the top of the monument above 
the original place of observation is 

a sin a sin (y - /3) cosec (y - a). 

Obtain the numerical result when 

a = 100 ft., a = 23®15', ^=10®10', and > = 30® 30'. 

Verify by drawing a figure to scale. 

17. A castle and a monument stand on the same horizontal 
plane. The height of the castle is 140 feet, and the angles of de¬ 
pression of the top and bottom of the monument as seen from the top 
of the costle are 40® and 80® reppectivcly. Find the height of the 
monumeut. 

18 . A man is walking up stream along the bank of a river which 
runs E. to W. He observes two trees, A and D, on the opposite bank; 
A is then bearing N. 29® 17' E. After walking 225 feet A is now 
bearing due N. and B is bearing N. 43® 13'K. Find the breadth of the 
river and the distance between the trees to the nearest foot; find also 
the bearing of B at the first place of observation to the nearest 
minute. 

19 . _ From the extremities of a horizontal base-line AB, whose 
length is 1000 feet, the bearings of the foot C of a tower are observed 
and it is found that / CAB=56^ 23', z CBA=^V 15', and that the 
elevation of the tower from A is 9® 25'; find the height of the tower. 




CHAPTEE XIIL 


PROPERTIES OF A TRIANGLE. 

133. Area of a given triangle. Let ABC be any 
triangle, and AD the perpendicular drawn from A upon the 
opposite side. 


B 

Through A draw EAF parallel to BC^ and draw BE 
and CF perpendicular to it. By geometry, the area of the 
triangle ABC 

= -^ rectangle BF~ \BC . CF— ^a. AD. 

But AD = AB sin B = c sin B. 

The area of the triangle ABC thei-efore =^cas\nB. 
This area is denoted by A. 

Hence A = |ca sin B s= |ab sin C = |bc8in A...(l). 

9 ___ 

By Art. 105, we have sin A = ^ 8 {k —a) {s — h) {8~c), 

00 



so that A — ^&csin .d ^ V^s (s — a) (s — b) (s — c)...(2). 
This latter quantity is often called S. 
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Again, since 


- a 


sin^ sin A sinC’’ 


c•= a 


Hence, from (1), 


sin C 
sin A ' 


and similarly 


A 1 . D rt*sin^siuC' 

A = TT ca sin B = -. 

2 2 sin^ * 

_ ^ sin C sin A ^ c®sin A sin B 
2 sini? ~ 2 smC' 


/QN 


EXAMPLES. XyiX . 

Find the area of the triangle ABC when 

I. a=13, 6 = 14, and c=15. % a = 18, 6 = 24, and c = 30. 

3. a = 26, 6=52, and c=fi3. 4. ^ = 125, 6 = 123. and c = 62. 

5. a = 15, 6=36, and c = 39. 

<2 = 2(^3 + 1) inchep, nrove that the 
area of the triangle is 6 + 2^3 sq. inches. 

7; The Bides of a triangle are 119, 111, and 92 yards; prove that 
ita area is 10 sq. yards less than an acre. ^ 

®* ^ triangular field are 242, 1212, and 1450 vards- 

prove that the area of the field is 6 acres. a ou ya as, 

where^*^® logarithm tables find the area of the triangles 

9. 0=5*2, 6=4*5, and c=6*7 ins. 

10. a = 487, 6=648, and 0=739 feet. 

II. a=423, 6=357 feet, and C=b3'lff. 

12. a=27 feet, B = 65®25', and C=73®20'. 


L. E. T. 


10 
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[Exs. XrtTX 


Find the area of a quadrilateral piece of ground AUCD when 

13. .-l/?=240 ft.; 7?C'=400 It.; CjJ = IS0 ft.; D.4=420 ft.; 
.^C = 480 ft. 


14. /li? = 50yds.; £C=120yds.; Ci) = 70 yds.; = 100 yds.; 


15. vl/l = 120 yds.; 5C=90yds.; .4D = 150 3 'ds.; ^(7 = 150 vds., 
and i ADC = 50^. 

A If C 

16. Shew that the area of a triangle ABC= tan ^ tan ^ tan 75 . 

17. Find the other sides of the triangle in w’hich the base is 
6-3 ins., one base angle is 30°, and whose area is 7'875 sq. ins. 

3 

18. If a = 28 feet, sin 0=^ and the area be equal to that of a 

o 

triangle whose sides are 45, 39, and 42 feet, find the other two sides. 

19. A workman is told to make a triangular enclosure of sides 
50, 41, and 21 yards respectively; having made the first side one yard 
too long, what length must he make the other two sides in order to 
enclose the prescribed area with the prescribed length of fencing ? 

20. Find, correct to *0001 of an inch, the length of one of the 
equal sides of an isosceles triangle on a base of 14 inches having the 
same area as a triangle whose sides are 13*6, 15, and 15 4 inches. 

21. The sides of a triangle are in a.p. and its area is ~ ths of an 

o 

equilateral triangle of the same perimeter; prove that its sides are in 
the ratio 3:5:7, and find the greatest angle of the triangle. 


134. On the circles connected with a gir<?n 
triangle. 

The circle Avlnch passes through the angular points of 
a triangle ABC is calle<l its circumscribing circle or, more 
briefly, its circumcircle. The centre cf this circle is 
found hy the construction of Art. 135. Its radius is always 
called E. 

The circle which can be inscribed within the triangle 
so as to touch each of the sides is called its inscribed circle 
or, more briefly, its incircle. The centre of this circle is 
found by the construction of Art. 137. Its radius will be 
denoted by r. 



JiADIUS OF THE CIRCUMCIRCLE. U7 

The circle which touches t!»e side BC and the two sides 
AB and AC produced is called the escribed circle opposite 
the angle A. Its radius will l)e denoted by r^. 

Similarly denotes the radius of the circle which 
touches the side CA and the two sides BG and BA 
pi^duced. Also r, denotes the radius of the circle touching 
AB and the two sides CA and CB produced. 

135. To find the magnitude of R, the radius of tJie 
circumcircle of any triangle ABC, 

Bisect the two sides BC and CA in I) and E respectively, 
and draw BO and EO perpendicular to BC and CA. 

By geometry, 0 is the centre of the circumcircle. 
Join OB and OC. 



The point 0 may either lie within the triangle as in 
Fig. 1, or without it as in Fig. 2, or upon one of the sides 
as in Fig. 3. 

figure, the two triangles BOD and 
CC?Z> are equal in all respects, so that 

l,BOD^uCOD, 

l,BOD^\lBOC^l.BAC, 


Also BD = BO%\nBOD, 


a 


2 = ^sind. 


10—2 
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If be obtuse, as in Fig. 2, we have 

L BOD^ \ L BOC = L BLC 

so that, as before, sin BOD=&\nA^ 


-A 


and 




a 


2 sin A ‘ 

If A be a riglit angle, as in Fig. 3, we liave 


a 


R=OA=OC = ^ 

A 


a 


2 sin A 


, since in this case sin A = l, 


The relation found above is therefore true for all 


triangles. 


Hence, in all three cases, we have 

a b c 


R = 


2 sin A 2 sin B 2 sin C 


(Art. 99). 


136. In Art. 105 we liave shewn that 

. . 2 2 ^ 
sin A = ^ ^ 8 {8 —a) {8 — 0 ) 8 — c) =, 

where S is the area of the triangle. 

Substituting this value of sin A in (1), we have 


giving the radius of the circunicircle in terms of the sides. 


137. To find tlte value of r, the radius of the incircle of 
the triangle ABC. 

Bisect the two angles B and C by the two lines Bl and 
Cl meeting in /. 

By geometry, I is the centre of the incircle. Join lA^ 
and draw /D, lE^ and IF perpendicular to the three sides. 

Then ID = IE = IF—r. 
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We have 


and 


area of A IBC 
area of A ICA 
area ot IAB 


\ID. BC = ir. a, 
\IE . CA = . 6, 
\IF , AB — \r. c. 

A 



Hence, bj addition, we have 

lr.a-^-\r.h + ^r.CT= sum of the areas of the triangles 

IBCy ICA, and lAB 

- area of the A ABC^ 
a + h + c 




= . 9 , 


so that 


r .8=^8. 

S 

/. r = - 
s 


angles IBD and IDB are respectively 

the two triangles IDB 

ana IIB are equal in all respects. 

Hence BD~BFy so that 2BD = BD + BF. 

So also AE — AF^ so that 2AE = AE AF^ 

CE=CDj so that 2CE =CE -v CD. 

Hence, by addition, we have 

2BD + 2AE + 2CE = {BD + CD) + {CE + AE) + {AF+ FB), 
i-e, 2BD + 2AC = BC + CA^. AB. 

.. ^BD + 26 = a+6 + c = 2s. 
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Hence 

so 

and 


BD — s — b = BF\ 
CE=^8 -c = CD, 
AF—8 — a=sAE. 


Now 


r = 


70 Ti 

= tan= tan 2 . 

7? }l 

ID = BD tan — = (s — 6) tan —. 

2i u 


So 


r = 


= IE = C^tan ICE = (5 —c) tan 

z 


and also 
Hence 
r=(s 


r = IF = FA tan IAF={s — d) tan . 

a) tan ^ = (s — b) tan 5 = (s — c) tan ^ 

2 2a 


139. To Jind the value of r,, the radius of the escribed 
circle opposite the anijle A of the triangle ABC. 

Produce AB and AC to L and M 

Bisect the angles CBL and 
BCM by the lines BI^ and CIi, 
and let these lines meet in I^. 

Draw and fF^ 

perpendicular to tlie tliree sides 
lespectively. 

The two triangles IiD^B and 
IxF^B are equal in all respects, 

so that I\F\ = /i 7*1. L 

Similarly 7,7^, = /iZ*i. 

The three perpendiculars 
7,7*1, fExi and 7,7’, being equal, 
the point 7, is the centre of the required circle. 

Now the area ABIxC is equal to the sum of the 
triangles ABC and I^BC\ it is also equal to the sum of 
the triangles I^BX and IflA. 
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Hence 



A ABC + A I^BC = A I^CA + A I^A B. 

S + II,D ,. BC = iI,E,. CA + iI,F,. AB, 

5 + Jr,. o = Jri. 6 + Jrj. c. 




+ c + a 
“2 






Similarly it can be shewn that 



s-b’ 


and 


^3 = 




140. Since AE^ and AF^ are tangents, we have as in 
Art. 138, AE^ = AF^. 

Similarly, BF^==BD^, and CEj = CDi. 

2AE,^AEi + AF^^AB-i-BF, + AC + CE^ 

=^AB + BD^ + AC + CD, = AB + BC + CA^2H, 

AEy — 8 = AF^. 

IiEi = AE^t8LnI^AE^, 

* A 

t.e. r= 8 tan — . 

Also, BD^ = BF^ = AFl-AB = s—c^ 

and CDi = CEi = AE^-AC = 8-b, 

r. = J,F, = BF, tan 1,BF, = BF, tan 

= (a-c) tan ^90 "-~'^ = {8-c) cot ?, 

Q 

So, similarly, r, = 7,^, = (« -- 6) cot -jr . 


EXAMPLES. X^Y 


1. In a triangle whose sides are 18,24, and 30 inches respectively, 
prove that the circomradius, the inradios, and the radii of the three 
escribed circles are respectively 16, 6, 12, 18, and 36 inches. 


2. The sides of a triangle are 13, 14, and 15 feet; prove that 
(1) J?=8i ft., (2) r=4 ft.. (3) r, = 10i ft., 

(1) r 3=12 ft., and (5) r3=14 ft. 
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[Ezs. XXX. 


3. In a triauglo AJIC if a = 13, 6 = 4, and cos C= - , find 

X 

li, r, rj, r^, and rj. 

4. In the ambiguous case of the solution of triangles prove that 
the circumcircles of the two triangles are equaL 

5. In an e<iiulatcral triangle shew that the radii of the inscribed, 
circumscribed and escribed circles are as 1 : 2 : 3 , 

Provo that 


6. n-j = be sin^ ^ = S tan ^. 

If i 

8 . rr^r^r^=S'K 


7 . beco&-^ . 

A 


9. r=a 


. B . C 
sm - Bin 2 

A 

cos- 


10 . r, = a 


D C 
cos 2 cos 2 

cos^ 


11 

13 

15, 

16, 
17. 

19. 

21 . 


TO iT> ’ ^ ^ 

12. Tj = 4 Bin - cos - cos- . 

14. Torj+r^r,+ r,»-.,-K5 


. A . B . C 
r = 4li sm — sm ^ sm - . 

A ^ 

= r> cot= ^ cot 21 cot^ ^ 

1111 ^ 
rj r 3 r 

a (rrj + r^r^) ~b{rr., + ^.^r ^)=c ( 7 T 3 + r,r 2 ). 

4«J?r=a6e. 18. 5=2J?’*sin,4 siniJsinC. 

1111 _a^+b^ + e^ 
rC r{^ r.f r^’ " 

-- =1 — — 

2Jir bc"^ ea"^ ab’ 




20. r^ + r^ + r^-r-4Jl. 


141. Radii of the inscribed and circumscribing circles 
of a regular polygon. 

Xiet ABy BCy and CD be three successive sides of the 
polygon, and let n be the 
number of its sides. 

Bisect the angles ABC 
and BCD by tlie lines BO 
and CO which meet in 0, 
and draw OL perpen¬ 
dicular to BC. 

It is easily seen that 
0 is the centre of both 
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the incircle and the circumcircle of the polygon, and that 
JSL equals LG. 

• J OB =0C = R, the radius o£ tlie circuin- 

circle, and OL^r^ the radius of the incircle. 

The angle BOC is ith of the sura of all the angles 
subtended at 0 by the sides, • 

Z BOC = ^ angles 




360" 


n 


n 


Hence 


Y.B0L = \^B0C^ 


180' 


n 


If a be a side of the polygon, we have 


a = BG^ 2BL = sin BOL = 2R sin - 


180 


n 


♦ « 


R = 


a 


2 sin 


ISO" 2 


a 

= ^ cosec 


180' 


n 


(')• 


n 


Again, a = 2BL = 20L tan BOL = 2r tan 


r s 


a 


2 tan 


a 180 
180“ “2®®^ 


180 

n 


( 2 ). 


n 


142. Area of a Regular Polygon. 

triangle 

S6nc6 the area of the polygon 

~ny. \OL• EG = n. OL. BL := n. BL cot LOB . BL 

.( 1 ). 


= «■. -T- cot- 

4 n 


an expression for the area in terms of the side. 

Also the area 

^n.OL. BL = n.OL,OL tan BOL = tan .. .(2). 
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Again, the area 

= n . OL . BL = n . OB cos LOB. OB sin LOB 
_ 180“ . 180“ « . 360“ 

= nR- cos-sin- = ^ Jr sin . .. 

n 11 I n 


(3). 


The formulae ^2) and (3) give tlie area in temis of the 
radius of the inscribed and circumscribed circles. 


143. Eac. Th& length of each side of a regular dodecagon is 
20 feet; find (1) the radius of its inscribed circle, (2) the radius of its 
circumscribing circle, and (3) its area. 

The angle subtended bj a side at the centre of the polygon 

360® 


12 


= 30®. 


Hence we have 


Also 


10 = r tan 15®=jR8in 15®. 
r= 10 cot 15® 

= 2^3 

= 10(2+^3) = 37*32... feet. 
R = 10 X (Art. 47) 


sin 15® 

= 10. V2 (^3 + 1) = 10 (V6 + .^2) 

= 10 (2-4495... +1-4142...)=38 G37... feet. 

Again, the area =12 x r x 10 square feet 

= 1200(2 + V3)=4478-46... square feet. 

* # 144. Area of a qaadrilateral. If we have any quadrilateral 
we can express its area in terms of its sides and tbe sum of any two 
opposite angles. 

For let the sum of the two angles B and D be denoted by 2o, and 
denote the area of the quadrilateral 
by A. 

Then 

A = area of j4BC + area of ACD 
= ^ab sin B + ^cd sin D, 
so that 

4A =2ub sin B + 2cd sin D... (1). 

Also 

a* + 6® - 2a5 cos 7? =/I - 2c<i cos D, 
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80 that 

+ b’* - c“ - (T- = 2ab coa B - 2cd cos D .(2). 

Squaring (1) and (2) and adding, we have 
16 A2 + («“ + 63 - - d3)3 = 40=63 + 4c3d3 

- Sabcd (cos £ cos D - siu B sin 2)) 

= 40=6= + 4c*d3 - 8a&cd cos {B + D) 

= 4a=63 + 40=^3 - 8a6cd cos 2a 
= 40=6= + 4c3d3 - 8a6cd (2 cos* a - 1) 

= 4 (a6 + cd)3 - 16a6cd cos* a, 

so that 

16A«=4(a6+cd)3-(a= + 63-c*-d*)*-16a6cdco83a... . (3). 
But 

4 (a6 + cd)3 - (a* + 6*- c* - rfS)* 

,= [2 (a6 +cd) + {a*+ 6* - c* - d*)] [2 (a6 + cd) - (a* + 6= - c* - d=)] 

= [{o* + 2a6 + 6*) - (c* - 2cd + d*)] [(c* + 2cd + d*) - («* - 2*«6 + 6*)] 
= [(a + 6)3 - (c - d)3] [(c + d)* - (a - 6)*] 

= (a + 6 + c-d)(a + 6-c + d) tc + d + a-6][c + d-a + 6]. 

Let 2*=a + 6 + c + d, 

so that a + fc + c-d=(a+6 + c + d)-2d=2(«-d), 

a + 6- c + d = 2{«-c), etc. 

Hence 

4(o6 + cd)*-(a* + 63-c*-d3)3 = 16(«-o) (< - 6) (»-c) (» - d), 

so that (3) becomes 

A3= (« -«)(«- 6) (a - c) (a - d) - a6cd oos*a .(4), 

giving the required area. 

Cor. 1. If the quadrilateral be inscribable in a circle, so that 
ZB+ /. JD=two right angles, then 2a-180% i.e. a=90® and cos o = 0. 
In this case (4) gives 

A = >/(»-oJ (a-6) (a-c) (a-d). 

Cor. 3. If d be zero, the quadrilateral becomes a triangle, and 
the formula above becomes that of Art. 133. 
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EXAMPLES. XXXI. 

1. Find, correct to ’01 of an inch, the length of the perimeter 
of a regular decagon which surronnds a circle of radius one foot, 
[tan 18®= *32492.] 

2. Find to 3 places of decimals the length of tho side of a regular 
polygon of 12 sides which is circumscribed to a circle of unit radius. 

3. Find the area of (1) a pentagon, (2) a hexagon, (3) an octagon, 
(4) a decagon and (;>) a dodecagon, each being a regular figure of side 
1 foot. [cotl8®=3*077e8...j cot36®=l*37638....] 

4. Find the difference between the areas of a regular octagon and 
a regular hexagon if the perimeter of each be 24 feet. 


5. A square, whose side is 2 feet, has its comers cut away so as to 
form a regular octagon; find its area. 


6 . Compare the areas and perimeters of octagons which are 
respectively inscribed in and circumscribed to a given circle, and 
shew that the areas of the inscribed hexagon and octagon are as 
v/27 to V32. 

7. Prove that the radius of the circle described about a regular 
pentagon is nearly ^Jths of the side of the pentagon. 

8 . If an equilateral triangle and a regular hexagon have the same 
perimeter, prove that their areas are as 2: 3. 

9. If a regular pentagon and a regular decagon have the same 
perimeter, prove that their areas are as 2 : 

10. The area of a regular polygon of n sides inscribed in a circle 
is to that of the same number of sides circumscribing the same circle 
os 3 is to 4. Find the value of iu 



CHAPTER XIV. 


CENTESIMAL AND CIRCULAR MEASURE 

OF ANGLES. 


145. It has been pointed out in Chapter I that tho 
Sexagesimal System is not a very convenient one on account 
of the inconvenient multipliers 60 and 90. Hence another 
system of measurement called the Centesimal, or French, 
system ha^ ^en proposed. In this system the right angle 
18 divided into 100 equal parts, called Grades; each gri&e 

w subdivided into 100 Minutes, and each minute into 100 

Becond& 


The symlwls 1« 1', and r are used to denote a Grade, 
a Minute, and a Second respectively. 

Thus 100 Seconds (100") make One Minute (I»), 

100 Minutes (100') „ „ Grade (1^), 

100 Grades (100*) „ „ Right angle. 

This system would be much more convenient to use 
than the ordinary Sexagesimal System. 


As a preliminary however, to its practical adoption, 
a large number of tables would have to be recalculated: 
i)or this reason the system has in practice never been used. 
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146. To convert Seocagesioud into Centesimal Measure^ 
and vice versa. 

Since a right angle is equal to 90* and also to 100*, we 
have 

90* - 100* 

10* 9* 

1° = V- '^ = T0- 

Hence, to change degrees into grades, add on one-ninthj 
to change grades into degrees, subtract one-tenth. 


36® 




3G-t-^x36 


y=4o« 


and 


G4«=: ^ 64 - ^ X 64 y = (64 - 6-4)®=57-6®. 


If the angle do not contain an integral number of 
degrees, we may reduce it to a fraction of a degree and 
then change to grades. 

In practice it is generally found more convenient to 
reduce any angle to a fraction of a right angle. The 
method will be seen in the following examples: 


and 


1. Reduce 63®14'51" to Centesimal Measure. 
Wo have 

14-85® 


17' 

51 "=^ = - 85 ', 


14'51"= 14-85'= 


= -2475®, 


63®14'51"=63-2475®= 


60 

63-2475 


> rt. angle 


90 

= '70275 rt. angle 
= 70'275« = 70« 27 -S' = 70» 27‘ 50". 


2. Reduce 94*23'87" to Sexagesimal Measure. 
94«23'87"= -942387 right angle 

_ ^ 

84-81483 degrees 

_60 

48*8898 minntes 
60 


53*3880 seconds. 
94* 23'ST'=84® 48'53-388". 



CIRCULAR MEASURE. 


159 


2 . 81°. 


3. 138°3a. 
5. 235°12'3G". 


E XATVrP Ua. XXTTT 

Express in grades, minutes, and seconds the auirles 
1. 30°. - 

4. 35°47'15". 

6. 475°13'48". 

seco^K “““ -0 

7. 120*. 8. 45«35'24”. g, 39s45'3C". 

10. 255«8'9". II 759go'5". 

“Ut the 

12. 1508. 23. 420*. 14^ 8758. 

. 15. The number of degrees in one acute angle of a richt-anrrip 3 

■“ ‘-'othert o?p';Lrbth" 

;» ^0 number of Sexagesimal minutes in anv ancle 

13 to the number of Centesimal minutes in the same angle as 27 : 50. 

parts such that the number of Sexa- 
!Zn^ iaX otbo"“ O' Centesimal 

Circular IVCeasure. 

Wn^7' ■ ^ system of measurement of angles has 

fi It 13 this system which is used in all 

the higher branches of Mathematics. 

The unit used is obtained tims; 

Take a»y circle A/'B/r, whose centre is 0, and from 
any point A measure off an arc 
AR whose length is equal to the 
n^iua of the circle. Join OA and 

The angle A OR is the angle 
which is taken as the unit of cir¬ 
cular measurement, le. it is the 
angle in terms of which in this 
system we measure all others. 

This angle is called A Radian 
and IS often denoted by 1« 
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It is cloarly essential to the proper choice of a unit 
that it should be a constant quantity; hence we must 
shew tliat the Radian is a constant angle. This we shall 
do in the following articles. 

148. Theorem. The lemjth of the circumference of 
a circle always bears a constant ratio to its diameter. 

Take any two circles whose common centre is 0. In 
the large circle inscribe a regular 
polygon of n sides, ADCD... 

Let OAy OBy OCy... meet the 
smaller circle in the points a, 6, 

C| dy ... and joi n ab^ bcj cd ^... 

Then, by geometry, abed... 
is a regular polygon of n sides 
inscribed in the smaller circle. 

Since Oa = Ofc, and OA = ORy 
the lines ah and AB must be 
parallel, and hence 

^ _OA 
ab Oa' 

Also the polygon ABCD... being regular, its perimeter, 
i.e. the sum of its sides, is equal to n. AB, Similarly for 
the inner polygon. 

Hence we have 

Perimeter of the outer polygon n. AB ^ AB __ OA 
Perimeter of the inner polygon n.ab ab Oa 

.( 1 ). 

This relation exists whatever be the number of sides in 
the polygons. 

Let then the number of sides be indefinitely increased 
{i.e. let n become inconceivably great) so that finally the 
perimeter of the outer polygon will be the same as the 
circumference of the outer circle, and the perimeter of the 
inner polygon the same as the circumference of the inner 
circle. 
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The relation (1) will then become 

Circumference of outer circle Oa 
Circumference of inner circle Oa 


Hence 


__ Radius oi' outer circle 
Radius of inner circle 
Circum ference of outer circle 
Radius of outer circle 


_ Circumference o f inner circle 
Radius of inner circle 

Since there was no restriction whatever as to the sizes 
of the two circles, it follows that the quantity 

Circumfere nce of a circle 
Radius of the circle 
is the same for all circles. 

Hence the ratio of the circumference of a circle to its 
radius, and therefore also to its diameter, is a constant 
quantity. 


the previous atticle we have shown that the 
. Circumference . 

Diameter— same for all circles. The value 

of this constant ratio is always denoted by the Greek letter 
TT (pronounced Pi), so that tt is a number. 

,r Circumference 

'■■'Diameter = constant number vr. 

We have therefore the following theorem: The cir- 
cui^erence of a circle is always equal to tt times 
its diameter or 27r times its radius. 

150. Unfortunately the value of tt is not a whole 
number, nor can it be expressed in the form of a vulgar 
fraction, and lienee not in the form of a decimal fraction 
terminating or recurring* 

The number tt is an incommensurable magnitude, i.e. a 
magnitude whose value cannot be exactly expressed as the 
ratio of two whole numbers. 


L. E. T. 


11 
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Its value, correct to 8 places of decimals, is 

3-14159265.... 

22 . 

The fraction gi’ves the value of tt correctly for the 

22 

first two decimal places; for~=3’14285 _ 

The fraction —^ is a more accurate value of tt, being 

355 

correct to 6 places of decimals; for = 3-14159203.... 


113 


.355 


[N.B. The fraction may be remembered thus; write down the 

first throe odd numbers reiieating each twice, thus 113355; divide the 
nuiiibor tluus obtained into two cqu.-il portions and Jet the first part be 
divitlcd into the second, tlius 113)355(. 

The quotient is the value of t to C places of decimals.] 

To sum up. An approximate value of tt, correct 

22 

to 2 places of decimals^ is the fraction —; a more 

accurate value is 3‘14159.... 

By divi.sion, we can shew that 

- = -3183098862.... 

TT 


151. Ex. 1. The diameter of a btojcle tchecl is 28 inches; 
throufjh what distance does its centre move during one revolution of the 
wheel ? 


The radius r is here 14 inches. 

The circumference therefore = 2 . tt . 14 = 287r inches. 

oo 22 

If we take tr = ^. the circumference = 23 x inches=7/t. 4 inches 
approximately. 

If we give ir the more accurate value 3 14159205..., the circumference 
= 28x3-14159265... inches = 7 ft. 3-yC459... inches. 


Ex. 2. What must be the radius of a circular running path, round 
which an athlete must run 5 times in order to describe one mile ? 

The circumference must be ^ x 1760, i.e. 352 yards. 
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Hence, if r be the radius of the path in yards, we have 2nr = 352 


t.e. 


176 

r= — yards. 

IT 


I 7 O 7 

Taking v = — , vte have r= ^ 2 ^ yards nearly. 
Taking the more accurate value -= -31831, wo have 

TT 

r=176 X -31831 = 56 02256 yards. 


EXAMPLES. 


XXXTTT 


1. If the radius of the earth be 4000 miles, what is the length 

of its circumference? ^ 

2 . The wheel of a railway carriage is 3 feet in diameter and makes 

3 revolutions in a second; how fast is the train going? 

3. A mill sail whose length is 18 feet makes 10 revolutions per 
minute. What distance does its end travel in an hour? 

4. The diameter of a halfpenny is an inch; what is the length of 
a piece of string which would just surround its curved edge ? 

^5. Assuming that the earth describes in one year a circle of 
92500000 miles radius, whose centre is the sun, how many miles does 
the earth travel in a year? 

6. The minute hand of a clock is 3 ft. 9 ins. long; through what 
distance does its end move in 20 minutes? 

revolutions does a bicycle wheel, of diameter 

8. The radius of a carriage wheel is 1 ft. 9 ins., and in -th of a 

second it turns through 80° about its centre, which is fixed; how many 
miles docs a point on the rim of the wheel travel in one hour ? 


152. Theorem. The radian is a constant angle. 

Take the figure of Art. 147. Let the arc AB be a 
quadrant of the circle, i.e, one quarter of the circum¬ 
ference. 

By Art. 149, the length of AB is therefore where r 
is the radius of the circle. 


11 — 2 
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By geometry, we know that angles at tlie centre of 

any circle are to one another as tl)e arcs on which they 
stand. 

TT uAOP five AP r 2 

^AOB avcAB tt tt’ 

i-AOP = ~. !.A0B. 

TT 

But we defined the angle AOP to be a Radian. 

2 

Hence a Radian = ^ AOB 

TT 


= — of a right angle. 

TT 


Since a right angle is a constant angle, and since we 
have shewn (Art. 149) that tt is a constant quantity, it 
follows that a Radian is a constant angle, and is therefore 
the same whatever be the circle from which it is derived. 


153. Ma§:nitude of a Radian. 

By the previous article, a Radian 


2 • u* 1 180 * 

= — X a right angle = 


TT 


TT 


= 180* X -3183098862...=57-2957795*... 
= 57* 17'44-8" nearly. 


154. Since a Radian = — of a right angle. 


therefore a right anglo 


-TT 


= ^ radians, 


so that 180* = 2 right angles = tt radians, 

and 360* = 4 riglit angles = 2ir radians. 

Hence, when the revolving line has made a complete 
revolution, it has described an angle equal to 2ir radians; 
when it has made three complete revolutions, it has 
described an angle of 67r radians; when it has mad© n 
revolutions, it has described an angle of 2mr radians. 
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155. In practice the symbol »c” is generally omitted, 
and instead of “ an angle 7r‘=” we find written “ an angle tt.” 

The student must notice this point carefully. If the 

unit, in terms of which the angle is measured, be not 

mentioned, he must mentally supply the word “radians ” 

Otherwise he will easily fall into the mistake of supposin^r 

that TT stands for 180“. It is true that tt mdians ( 7 r<=) i^ 

the same as 180 , but tt itself is a number, and a number 
only. 


166. To convert circular tn^asure into seccauesiinul 
measure or centesimal measure and vice versa. 

The student should remember the relations 

Two right angles = 180“ = 200* = tt radians. 

The conversion is then merely Arithmetic. 


(1) 

( 2 ) 

(3J 


(4) 


•45ir<' = '45 X 180®=81°=90«. 

3's 2 X 71*= 2 X 180°= 2 X 200*. 

T -TT IT 

40°15'36"=40°15g'=40'26“ 

= 40*26x j^='22367r radians, 

40* 15' 36"=40-153G*=40-153G x ^ radians 
= •2007C8ir radians. 


nf triangle are in k.v. and the number 

Let the angles be (x-y)° z°, and {x + yf. 

Since the sum of the three angles of a triangle is 180° we have 

I80=a:-y+x+x + t/ = 3x, 

BO that 3.^60. 

The required angles are therefore 

(60-y)°, 60°, and (60 + i/)«. 


Now 


and 


(60-|/)°=^x(60-y)*, 

(60 + y)°= jg^x (GO+y) radians. 
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Hence g {GO - (/) : {C0 +y) :: 40 : ;r, 

200 CO - j/ _ 40 
TT GO+i/ TT ’ 

5(60-i/) = G0+i/, 
t/ = 40. 

The angles are therefore 20®, GO®, and 100°. 


Ex. 2. Ejpress in the 3 syetenui of angular vieaeurement the 
magnitude of the angle of a regular decagon. 

By geometry we know that all the interior angles of any rectilinear 
figure together with four right angles are equal to twice as many right 
angles as the figure has sides. 

Let the angle of a regular decagon contain x right angles, so that 
all the angles are together equal to lOx right angles. 

The corollary therefore states that 

10j + 4 = 20, 


so that 

But one right angle 


x = f right angles. 


= 90®= 100* = ;r- radians. 

A 


Hence the required angle 


4t 


=sl44^=lC0«= - radians. 

0 


EXAMPLES. XXXrV. 


Express in degrees, minutes, and seconds the angles, 

3. IOtt-. 4. 1'. 


r* 

1. -g-. 


o It* 

Z. 3 • 


Express in grades, minutes, and seconds the angles, 


6 . 


47r« 

X* 


7. 


6 • 


8. lOir*. 


5. 8^ 


Express in radians the following angles: 

9. 60®. 10. 110° 30^ 11. 175® 45'. 12. 47® 25'36". 

13. 395°. 14. 60k. 15. 110*30'. 16. 345k2.5'36*' 
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17. The differeuce between the two acute angles of a right-angled 
triangle is g ir radians; express the angles in degrees. 

18. ^ The^circular measure of two angles of a triangle are respec¬ 
tively - and - ; what is the number of degrees in the third angle? 

• }u ', of a triangle are in a.p. and the number of degrees 

m the least is to the number of radians in the greatest as CO to tt; 
tind the angles in degrees. 


• 1 angles of a triangle are in a.p. and the number of radians 

i” ^ angle is to the number of degrees in the mean angle as 

1 : 120. Fmd the angles in radians. 

21. Find the magnitude, in radians and degrees, of the interior 
angle of ( 1 ) a regular pentagon. (2) a regular heptagon, (3) a regular 
octagon, (4) a regular duodecagon, and (5) a regular polygon of 17 sides. 

.e ??• "^ 1^0 second hands of a watch are respectively 

b, 75, and -3 inches long; compare the rates at which their extremities 
move. 


23. Oneangle of a quadrilateral is 60 degrees, a second is 50grades 
and a third is radians; express all four angles in degrees. 


. 24 The exterior angle of a regular 

interior angle; find the num^r of its si 
radians. 


polygon is one-sixth of the 
des and express its angle in 


angle in one regular polygon is to tliat in another as 

L‘w “umber of sides m the first is twice that in the second; 

ilow many sides have the polygons ? 

douhh; a quadrilateral are in a.p. and the greatest is 

double the least; express the least angle in radians. 

hou?^Iand‘degrees, and grades the angle between the 
nourdiand and the minute-hand of a clock at (1) half.past three 

(2) twenty minutes to sU. (3) a quarter past eleven. ’ 

^\} and five o’clock when the 

angle botween the mmute-hantl and the hour-hand is 78^ (2) between 
seven and eight o clock when this angle is 64^. * ^ ^ 
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158. Theorem. The number of radians hi any angle 
ichatever is equal to a Jraction^ whose numerator is the arc 
ivhich the angle subtends at the centre of any circle^ and 
whose denominator is the radius of that circle. 

Lob AOP be the angle which has been described by a 

lino starting from OA and revolving -^ b 

into the position OP. 

With centre 0 and any radius 
describe a circle cutting OA and 
OP in the points A and P. 

Let the angle AOB be a radian, 
so that the arc AB equal to the 
radius OA. 

By geometry, we have 

lAOP _ lAOP arc AP axe AP 
A Radian i^AOB axe AB Radius* 

so that u A OP = of a Radian. 

Radius 

Hence the theorem is proved. 

159. Ex. 1. Find the angle subtended at the centre of a circle 
of radius 3 feet by an arc of length 1 foot. 

aro 1 



The number of radians in the angle= 
Hence the angle 


radius 3 * 


1 12 2 fiO® 

= - radian = - . - right angle = 5 — x 90® =s — = 19A®» 

O O IT 05r T 

22 

TT being taken equal to • 

Ex. 2. In a circle of b feet radius xchat is the length of the arc 
which subtends an angle of 33° 15' at the centre? 

If X feet be the required length, we have 

-- =number of radians in 33° 15' 


v 


_33i 
180 
133 
720 


(Art. 156) 
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. ^ 133 - ^ 133 2-i, , 

*^^^ = 2.44 ^ 'Y 

65 

= 2 ^ feet nearly. 

o/ eanh from the mn 
to be J-500000 vuleSy and the angle subtended by the sun at the eue of 
a person on the earth to be 32', find the sun’s diameter. 

Let D be the diameter of the sau in miles. 

^ The angle subtended by the sun being very small, its diameter 
19 very approximately equal to a small arc of a circle whose centre 
19 the eye of the observer. Also the sun subtends an ancle of 32' 
at the centre of this circle. 

Hence, by Art. 158, we have 

D 

9^00000“^“® namber of radians in 32' 

= the number of radians in — 

15 

__ 8 TT 27r 

“ 15 ^ IM “ ^ • 

^ 185000000 
-D=—-r miles 

_185000000 22 

-e 75 -^ miles approximately 

=about 862000 miles. 


• • 


that a person of norvuil sight can read vrint at 
such a distance that the letUrs subtend an angle of 6' at his eue And 

ut:: W tAat can %a/at a (iTo/ 

Jeet, and (2) of a quarter of a mf/e. \ / i 

Lot ar be the required height in feet. 

radiQB*i 2 fppf ^ a circle, of 

radius 12 feet, which subtends an angle of 6 ' at its centre. 


Hence 


j^=number of radians in 5 

_ 1 JT 

~12 ^ l80* 




^ r ^ 1 22 

180 ®*”i 80 ^ Y 

22. 1 

— 25 ^ -^inchesssaboutgincL. 
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In the second case, the height y ie given by 


- 77 ^ number of radians in 5' 
440 X d 


TT 




so that 


12 ISO ’ 

11 11 22 , , 

y = TT = - X y feet nearly 

= about 23 inches 


EXAMPLES. 


XXXV. 


7r=:3’141a9, -='31831, and ioyir = *49710.J 

1. Find tlie number of degrees subtended at the centre of a circle 
by an arc whose length is *357 times the radius. 

2 . Express in radians and degrees the angle subtended at the centre 
of a circle by an arc whose length is 1 $ feet, the radius of the circle 
being 25 feet. 

3. The value of the divisions on the outer rim of a graduated 
circle is 5' and the distance between successive graduations is *1 inch. 
Find the radius of the circle. 

4. The diameter of a graduated circle is 6 feet and the graduations 
on its rim are 5' apart; hud the distance from one graduation to 
another.^ 

5. Find the radius of a^globe which is such that the di.stance 
between two places on the same meridian whose latitude differs by 
1 ® 10 ' may be half-an-inch. 

6 . Taking the earth as a sphere of radius 4000 miles, find the 
difference in latitude of two places, one of which is 100 miles north 
of the other. 

7. Assuming the earth to be a sphere and the distance between 
two parallels of latitude, which subtends an angle of 1 ® at the earth’s 
centre, to be 69^ miles, find the radius of the earth. 

8 . The radius of a certain circle is 3 feet; find approximately the 
length of an arc of this circle, if the length of the chord of the arc be 
3 feet also. 

9. What is the ratio of the radii of two circles at the centre of 
which two arcs of the same length subtend angles of 60® and 75®? 
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10. If an arc, of length 10 feet, on a circle of 8 feet diameter 
subtend at the centre an angle of 143®14'22"; find the value of t to 
4 places 01 aecimals* 

11. If the circumference of a circle be divided into 6 parts which 
are m a.p., and if the greatest part be C times the least, find in radians 
the magnitudes of the angles that the parts subtend at the centre 
of the circle. 


12. At what distance does a man, whose height is 6 feet, subtend 
an angle of 10 ? 

\ 

13. Find the length which at a distance of one mile will subtend 
an angle of 1' at the eye. 


. 14. Find approximately the distance at which a globe. 5A inches 

in diameter, will subtend an angle of G'. * 

Ki ^*“^,^?Pproxiniately the distance of a tower whose height is 
61 feet and which subtends at the eye an angle of 5^f'. 

, A church spire, whose height iskuown to be 100 feet, subtends 
an angle of J at the eye; find approximately its distance. 

17. Find approximately in minutes the inclination to the horizon 
of an inchne which rises aj feet in 210 yards. “onzoii 

18- The radius of the earth being taken to be 3960 miles, and the 
d.Btenw of the moon from the earth being 60 times the radius of the 



CHAPTER XV. 

TRIGONOMETRICAL FUNCTIONS OF ANGLES OF ANY 
MAGNITUDE. GRAPHS OF TRIGONOMETRICAL 
FUNCTIONS. CONNECTED ANGLES. 

160. To trace the changes in the sign and magnitude 
of tJie trigonometincal ratios of an angle, as the angle 
increases from 0” to SGO”. 

Let Uie revolving line OP be of constant length a. 

When it coincides with OA, the 
length OJ/j is equal to a and, 
when it coincides with OB, the 
IX)int A/i coincides with 0 and OM^ 
vanishes. Also, as the revolving 
line turns from OA to OB, the dis¬ 
tance OJ/j decreases from a to 
zero. 

Whilst the revolving line is in 
the second quadrant and is revolving from OB to OA', the 
distance OM^ is negative and increases numerically from 
0 to o [i.c. it decreases algebraically from 0 to -4 

In the third quadrant, the distance OJ/j increases 
algebraically from — a to 0 , and, in the fourth quadrant, 
the distance OJ /4 increases from 0 to a. 

In the first quadrant, the length J/iPj increases from 
0 to a; in the second quadrant, decreases from a to 

0 ; in the third quadrant, A/ 3 P 3 decreases algebraically 
from 0 to —a] whilst in the fourth quadrant H^Pa 
increases algebraically from —a to 0 . 
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161. Sine. In the first quadrant, as tlie angle in- 

creases from 0 to 90", the sine, i.e. , increases from 2 
_ ^ a 

A ^ • A 

to %.e. from 0 to 1 , 
a 

In the second quadmnt, as the angle increases from 

90“ to 180“, the sine decreases from - to i.e. from 1 to 0 

o, a 

In the third quadrant, as the angle increases from 180“ 

to 270“, the sine decreases from 5 to —, i.e. from 0 to -1 

a a 

In the fourth quadrant, as the angle increases from 
270 to 360“, the sine increases from — to - ie from — 1 

/V a a’ ' * 


162. Cosine, In the first quadrant the cosine, which 
is equal to , decreases from ^ to 5 ^ i.e. from 1 to 0. 

In the second quadrant, it decreases from - to i.e. 
from 0 to - 1 . a a 

In the third quadrant, it increases from — to -, i.e. 
from -1 to 0 . a a* 

In tl.e fourth quadrant, it increases from 2 to “, i.e. 
from 0 to 1 . a a 


163. Tangent. In the first quadrant, M,P, increases 
from 0 to a and OM^ decreases from a to 0 , so that 

c“^ra?d nnmer.U,r continually H’. 

crea^ and its denominator continually decreases). 

the u 0 ; when 

eliffhtlv Ipsn^ turned through an angle which is 

ehghtly less than a right angle, so that OP, nearly 
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coincides with OB^ then J/jPi is very nearly equal to 

M P 

a and 0^[^ is very small. Tlie ratio therefore very 

C/i '/1 


large, and the nearer OP, gets to OB the larger does the 
ratio become, so that, by taking the revolving line near 
enough to OB, we can make the tangent as largo as we 
please. This is expressed by saying that, when the angle 
is equal to 90“, its tangent is infinite. 

The symbol go is used to denote an infinitely great 
quantity. 


Hence in the first quadrant the tangent increases from 
0 to 00 . 


In the second quadrant, when the revolving line has 
descriljed an angle AOP^ slightly greater than a right 
angle, J/ 2^2 nearly equal to a and OJ /2 is very 

small and negative, so that the corresjionding tangent is 
very large and negative. 

Also, as the revolving line turns from OB to O^f', M^P j 
decreases from a to 0 and O.I /2 is negative and decreases 
from 0 to - a, so that when the revolving line coincides 
with OA' the tangent is zero. 

Hence, in the second quadrant, the tangent increases 
from — 00 to 0 . 

In the third quadrant, both J/ 3 P 3 and OM^ are negative, 
and hence their ratio is positive. Also, when the revolving 
line coincides with OB', the tangent is infinite. 

Hence, in the third quadrant, the tangent increases 
from 0 to CO. 

In the fourth quadrant, Af^P^ is negative and OM^ is 
positive, so that their ratio is negative. Also, as the 
revolving line passes through OB' the tangent changes 
from + 00 to — QO [just as in passing through 0B\ 

Hence, in the fourth quadrant, the tangent increases 
from — 00 to 0 . 


164. Cotangent. WTien the revolving line coincides 
with OA, J/,Pi is very small and OM^ is very nearly 
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equal to a, so that the cotangent, i.e. the ratio , is 

infinite to start with. Also, as the revolving line rotates 
from OA to OR^ the quantity M^P^ increases from 0 to « 
and OJ/j decreases from a to 0. 

Hence, in the first quadrant, the cotangent decreases 
from 00 to 0. 

In the second quadrant, M^P.^ is positive and Od/., 
negative, so that the cotangent decreases from 0 to , 
i.e. from 0 to — co. 

In the third quadrant, it is positive and decreases from 
00 to 0 [for as the revolving line crosses OA' the cotangent 
changes from — oo to oo ]. 

In the fourth quadrant, it is negative and decreases 
from 0 to — 00 . 


165. Secant. When the revolving line coincides 
with OA the value of OM^ is a, so that the value of the 
secant is then unity. 


As the revolving line turns from OA to OBy OM^ 
decreases from a to 0, and when the revolving line coincides 


witli OR the value of the secant is i.e. oo . 

Hence, in the first quadrant, the secant increases from 
1 to 00 . 


In the second quadrant, OM^ is negative and decreases 
from 0 to — rt. Hence, in this quadrant, the secant in¬ 
creases from — CO to — 1 [for as the revolving line crosses 
OB the quantity OJ/, changes sign and therefore the secant 
changes from + co to — oo ]. 

In the third qua<lrant, OM^ is always negative and 
increases from — a to 0; therefore the secant decreases 
i to “ • III the fourth quadrant, 0M^ is always 

positive and increases from 0 to a. Hence, in this quad¬ 
rant, the secant decreases from oo to -f- 1. 
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166. Cosecant. The change in the cosecant may be 
traced in a similar manner to that in the secant. 

In the first quadrant, it decreases from oo to + 1. 

In the second quadrant, it increases from + 1 to + co . 

In the tliird quadrant, it increases from — oo to — 1. 

In the fourth quadrant, it decreases from - 1 to — co . 

167. The foregoing results are collected in the annexed 
table. 


In the second quadrant, the 

sine decreases from 1 to 0 

cosine decreases from 0 to—1 

tangent increases from-co to 0 
cotangentdecreases from 0 to-a> 
secant increases from-oo to-1 

cosecant increases from 1 to co 


N O 

In the third quadrant, the 

sine decreases from Oto-1 
cosine increases from— 1 to 0 
tangent increases from 0 to ce> 
cotangentdecreases from oo to 0 
secant decrea.ses£rom- 1 to-co 
cosecant increases from-co to-1 I 


In the first quadrant, the 

sine increases from 0 to 1 

cosine decreases from 1 to 0 

tangent increases from 0 to co 

cotangent decreases from oo to 0 

secant increases from 1 to oo 

cosecant decreases from oo to 1 

a 

In the fourth quadrant, the 

sine increases from- 1 to 0 
cosine increases from 0 to 1 
tangent increases from-co to 0 
cotangentdecreases from 0 to-co 
secant decreases from oo to 1 
cosecant decreases from—1 to-co 


168. Periods of the trigonometrical functions. 

As an angle increases from 0 to 27r radians, i.e. whilst 
the revolving line makes a complete revolution, its sine first 
increases from 0 to 1, then decreases from 1 to — 1, and 
finally increases from — 1 to 0, and thus the sine goes 
through all its changes, returning to its original value. 

Similarly, as the angle increases from 27r radians to 
iTT radians, tlie sine goes through the same series of 
changes. 
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Also, the sines of any two angles which differ by four 
right angles, i.e. 2^ radians, are the same. 

This is expressed by saying that the period of the 

sine is 27 r. 

Similarly, the cosine, secant, and cosecant go through 
all their changes as the angle increases by 27r. 

The tangent, however, goes through all its changes as 
the angle increases from 0 to ir radians, i.e. whilst the 
revolving line turns through two right angles. Similarly 
for the cotangent. 

The period of the sine, cosine, secant and cosecant is 
therefore 27r radians; the period of the tangent and 
cotangent is tt radians. 

Since the values of the trigonometrical functions repeat 
over and over again as the angle increases, they are called 

periodic f^inctions. 


169. The variations in the values of the trigono¬ 
metrical ratios may be graphically represented to the eye 
by means of curves constructed in the following manner. 



Sine-Graph. 

Ijet OX and OT be two straight lines at right angles 
and let the magnitudes of angles be represented by 
lengths measured along OX. 

Let R^y .^ 3 ,... be points such that the distances 
OR\y R\Riy R^Rzi... are equal. If then the distance ORy 
represent a right angle, the distances OR^, OR^y OR^y... 
must represent two, three, foxir,... right angles. 

L. E. T. 


12 
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Also, if P be any point on the line OX^ then OP 
represents an ani^le which bears the same ratio to a right 
angle that OP bears to OR^^ 

[For example, if OP be equal to ^ OR^, then OP would represent 

one-third of a right angle; if P bisected P 3 P 4 , then OP would represent 
3^ right angles.] 

In a similar manner, negative angles are represented by 
distances OR(j OR^^^-- measured from 0 in a negative 
direction. 

At each point P erect a perpendicular PQ to represent 
tlie sine of the angle wliich is represented by 0P\ if the 
sine be positive, the perpendicular is to be drawn parallel 
to OF in the positive direction; if the sine be negative, 
the line is to be drawn in the negative direction. 


[For example, since OP, represents a right angle, the sine of which 
i.s 1 , we erect a perpendicular PiP, c<iual to one unit of length; since 
OP 3 represents an angle equal to two right angles, the sine of which 
is zero, we erect a perpendicular of length zero; since OP 3 represents 
three right angles, the sine of which is - 1 , we erect a perpendicular 
equal to - 1 , i.e. we draw P 3 P 3 downward and equal to a anit of 

length; if OP were equal to one-third of OP,, it would represent ^ of 


a right angle, i.e. 30®, the sine of which is 5 , and so we should erect 
a perpendicular PQ equal to one-half the unit of length.] 


The ends of all these lines, thus drawn, would be 
found to lie on a curve similar to the one drawn above. 

It would be found that the curve consisted of portions, 
similar to ORiR^R-jR^t placed side by side. This corre¬ 
sponds to the fact that each time tlie angle increases by 
27r, the sine repeats the same value. 

In the above figure for lines parallel to OT unity is 
represented by *25 inch, and, for distances measured along 
OXy one right angle is represented by ’4 inch. 


170. Cosine-Oraph. 

The Cosine-Graph is obtained in the same manner as 
the Sine-Graph, except that in this case the perpendicular 
PQ represents the cosine of the angle represented by OP. 
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The curve obtained is the same as that of Art. 169 if 
in that curve we move 0 to i?. and let Oy be drawn along 


171. Tangent-Graph. 

In this case, since the tangent of a right angle is 
infinite and since OR^ represents a right angle, the per¬ 
pendicular drawn at R^ must be of infinite length and 
the dotted curve will only meet the line R^L at an infinite 
distance. 

Since the tangent of an angle slightly greater than a 
right angle is negative and almost infinitely great, the 
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dotted curve immediately beyond LR^V commences at an 
infinite distance on the negative side, i.e. below, OX. 

The Tangent-Graph will clearly consist of an infinite 
number of sunilar but disconnected portions, all ranged 


12—2 
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parallel to one another. Such a curve is called a Discon¬ 
tinuous Curve. Both the Sine-Graph and the Cosine-Graph 
are, on the other hand. Continuous Curves. 

172. Cotangent-Grraph. If the curve to represent 
the cotangent be drawn in a similar manner, it will be 
found to meet OF at an infinite distance above 0; it will 
pass through the point R^ and touch the vertical line 
through R.i at an infinite distance on the negative side of 
OX. Just beyond R-^ it will start at an infinite distance 
above R»^ and proceed as before. 

The curve is therefore discontinuous and will consist of 
an infinite number of portions all ranged side by side. 


173. Cosecant-Graph. 



When the angle is zero, the sine is zero, and the 
cosecant is therefore infinite. 

Hence the curve meets OF at infinity. 

When the angle is a right angle, the cosecant is unity, 
and hence R^Bx is equal to the unit of length. 
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When the angle is equal to two right angles its cosecant 
is infinity, so that the curve meets tlie perpendicular through 
R^ at an infinite distance. 

Again, as the angle increases from slightly less to 
slightly greater than two right angles, the cosecant 
changes from + oo to — oo . 

Hence just beyond R^ the curve commences at an 
infinite distance on the negative side of, i.e. below, OX. 


174. SecantoG-raph. If, similarly, the Secant-Graph 
be traced it will be found to be the same as the Cosecant- 
Graph would be if in it we moved OY to R^B^. 


175. Ex. 1 . To trace the changes in the expression sinx + cosa; 
as X increases from 0 to 2ir. 

1 


We have sin a:-f-cos aj 




.^sma:-»-^ cosx 


9 

t 


— ^2 l^sin X cos ^ -i- cos x sin = .J2 sin -t- , 

We thus have the following table of values: 


X 

0 

ir 

4 

3ir 

T 

6t 

T 

1 

2jr 

IT 


TT 


Stt 


9?r 

^ + 4 

4 

2 

T 

T 

2Tr 

T 

sin + 

1 

j 

1 

0 

1 

1 

-1 

0 

1 


sJ2 





x/2 

^2 sin ^x + 

1 

n/2 

0 

-V2 

0 

1 


As in Art. 1C9, the graph is drawn in the following figure. 
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Ex< 2. ^ To trace the changes in the sign and jnagnitude of 
a cossin and to find the greatest value of the expression. 

We have 

acQsd->rbsmd=Ja^b^\cos0-^ Bin^l. 

Let a be the smallest positiye angle such that 

a . . b 

cos a = , , ana sm a = —_ — • 

The expression therefore 

= + [cos5cosa + sindsina]= .Jd^+h^ cos [9 ~ a). 

As 9 changes from a to 2ir + a, the angle 9-a changes from 0 to 
2w, and hence the changes in the sign and magnitude of the expression 
are easily obtained. 

Since the greatest value of the quantity cosf^-o) is unity, i.e. 
^Yhen 9 equals a, the greatest value of the expression is .Ja^+b^, 

Also the value of 9 which gives this greatest value is such that its 
a 

cosine 18 —; - . 

Ja^ + b-^ 


EXAMPLES. XXXVL 

As 9 increases from 0 to 27r, trace the changes in the sign and 
magnitude of the following expressions, and plot their graphs. 

1. sin^-cos^. 2. siu^ + .y3cos^. 


^N.B. sin 0 - 1 -^3 cos ^=2 

.siu 9 + 5^ cos «] 

= 2 sin 

H)1 

3. sin 0-^3 cos 0. 

4. cos3tf-sin2 0. 

5. 

sin 0 cos 0. 

6. tan 20. 

7. sin 30. 

8. 

tan 30. 

9. sec 30. 

10. coseo 40. 

11. 

sin 0 + sin 20 

COS0+COS20 ‘ 

Find the greatest yalue of the following expressionsi and state the 
corresponding values of d; 

12. 3coa0 + 4sin0. 

13. cos 0 — sin 0. 

14. 

2coa 0-sin 0. 


176. In Arts. 38—42 we have expressed tlie trigono¬ 
metrical ratios of the angles —0, 90” - 90”-f-and 

180” — ^ in terms of those of for the cases in which 
0 is less than two right angles. We shall now show that the 
same relations hold for all values of 0. It will be only 
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necessary to draw additional figures, corresponding to the 
cases when the revolving line OP is in the third and fourtli 
quadrants, and it will be seen that the proofs are exactly 
the same as those of these articles. 


177. To Jiiid the trigonometrical ratios of an angle (— $) 
in tenns of those of 0, for all rvalues of 6. 




through any angle 6 and stop in the position OP. 

Draw PM perpendicular to OA (or OA produced) and 
])roduce it to so that the lengths of PM and MF are 
equal. 

In the geometrical triangles MOP and MOP\ we have 
the two sides OM and MP equal to the two OM and 
MP' and the included angles OMP and OMP' are right 
angles. 

Hence, the magnitudes of the angles MOP and MOP' 
are the same, and OP is equal to OP'. 

In each of the figures, the magnitudes of the angle 
AOP (measured^) and of the angle AOF (measured^) are 
the same. 

Hence the angle AOP (measured^) is denoted by — B. 

Also MP and MP are equal in magnitude but are 
opposite in sign. (Art. 34.) We have therefore 

Bin (- 6 )^^^ = —„ = - Bin 0 , 


cos (— 0 ) = 


OP 

OM 

OP 


OP 

OM 

OP 


= COB 


0 . 


So for the other trigonometrical functions as in Art. 38. 
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178. To find the tidgonometrical ratios of the angle 
(90® — B) in terms of those of 0 for all values of $. 

Let the revolving line, starting from OAy trace out any 
angle A OP denoted by 6. 

To obtain the angle 90** —6, let the revolving line rotate 
to B and then rotate from B in the op^site direction 
through the angle By and let the position or the revolving 
line then OP". 

The angle AOP' is then 90“ —if. 

Take OB' equal to OPy and draw EM" and PM per¬ 
pendicular to OAy produced if necessary. Also draw P'N' 
perpendicular to OBy produced if necessary. 

In each figure, the angles A OP and BON are numerically 
equal, by construction. 


A 


Hence, in each figure, 

l.MOP= l,N' 0N= i^ON^Py 
since ON and MP* are parallel. 

[For, in the second figure, 

lMOP=\ti. L*- LAOT=^xi. L*- aP'OB=^ aN'OP'-} 

Hence the triangles MOP and M'P'O are equal in all 
respects, and therefore OM ~ M'P' numerically, 

and OM’ = MP numerically. 
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Also, in each figure, OM and M’P' are of the same 
sign, and so also are MP and 0M\ 

i.e. 0M= + M'P\ and OJT = + MP. 

Hence 

sin (90- -0)= sin A 0P'= ^f = ^= 0 OB 6, 

co8(90“-fl) = cos^0/>'=^' =:^ = sln^. 

So for the other trigonometrical functions as in Art. 39. 


179. To JiTid llie values of the trigonometrical ratios of 
the angle ^180* — ^) in terms of those of the angle 6, for all 
values of a. 



Let the revolving line start from OA and describe any 
angle AOP (= 0). 

To obtain the angle 180" —0, let the revolving line start 
from OA and, after revolving through two right angles 
{i.e. into the position OA'), then revolve back through an 
angle $ into the position OP’. The angle A'OP' is tlien 
equal in magnitude but opposite in sign to the angle AOP. 

Also the angle AOP' is 180"-^. 

Take OP' equal to OP, and draw P'M' and P3f per¬ 
pendicular to AO A'. 

The angles MOP and M'OP' are equal, and hence the 
triangles MOP and M'OP' are equal in all respects. 

Hence OM and OM' are equal in magnitude, and so 
also are MP and M'P'. 
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In each fi^re, OM and OM' are drawn in opposite 
directions, whilst MP and M'P' are drawn in the same 
direction, so that 

OM’ = - OM, and 2PP' = + MP. 

Hence we have 

sin (180° -6) = sin 

cos(18O“-0)=cos^OP'=^, =~-^=-coB0. 

♦ 

180. To Jind the tri<jonometrical ratios of the angle 
(90* + 6) in terms of those of B,for all values of 6. 




Let the revolving line, starting from OA, trace out any 
angle 6 and let OP be the position of the revolving line 
then, so that the angle AOP is 0. 

Let the revolving line turn through a right angle from 
OP in the positive direction to the position OP', so that 
the angle AOP' is (9O“ + 0). 

Take OP' equal to OP and draw PM and P'M' perpen¬ 
dicular to AO, produced if necessary. In each figure, since 
POP' is a right angle, the sum of the angles MOP and 
P'OM’ is always a right angle. 

Hence l. MOP - 90* - P'OM' = l. OP'M'. 

The two triangles MOP and M'P’O are therefore equal 
in all respects. 
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Hence OM and M'P' are numerically equal, as also MF 
ajid OM* are numerically equal. 

In each figure, OM and M'P' have the same sign, whilst 
MP and OM' have the opposite sign, so that 

M'P' = + OM, and OM' = - MP. 

We therefore have 

8in(9O“+0)=sm.lOi>'=^^'= =COsfl, 

COS (90“+fl) = cos AOV = ~ = = - sin 0. 

So for the other functions as in Art. 40. 

181. 7’o jirui the trigonometrical ratios of (180“ + $) in 
terms of those of 6, for all values of 6. 

The required relations may be obtained geometrically, 
as in the previous articles. The figures for this proposition 
are easily obtained and are left as an example for the 
student. 

We easily obtain 

sin (180“ +^) = - Bin 0, 
and COS (180° +^) = — COsO, 

Hence tan (180“ + 0) = tan 0, 

cot (180“ + 0) = cot0, 
sec (180“ + ^) = — sec 0, 
and cosec (180“ + 0) = - gosec &. 

182. To find the t/rigonometrical ratios of an angle 
(360“ + $) in terms of those of 6, for all valvss of $. 

In whatever position the revolving line may be when 
it has described^ any angle 6, it will be in exactly the same 
position when it has made one more complete revolution 
in the positive direction, i.e. when it has described an 
angle 360" + 6. 
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Hence the tn"onometric<al ratios for an angle 360® + B 
are the same as those for B. 

It follows that the addition or subtraction of 360®, or 
any multiple of 360®, to or from any angle does not alter 
its trigonometrical ratios. 

183. From tlie theorems of this chapter it follows that the 
trigonometrical ratios of any angle whatever can be reduced to tlie 
determination of the trigonometrical ratios of an angle which lies 


between 0® and 45®. 

For example, 

sinl7G5®=sin[4x360® + 325®] = sin325® (Art. 182) 

=:sm(180®+145®)= -sinl45° (Art. 181) 

=-sin (180®-35®)=-sin 35® (Art 179); 
tanll90°=tan(3x360®+110®) = tanll0® (Art. 182) 

= tan (90® + 20®) = - cot 20® (Art. 180); 

and cosec (-1465®)= - cosec 1465° (Art. 177) 

= - cosec (4 X 360® + 25®) = - coseo 25® (Art 182). 


Similarly any other snch large angles may be treated. .First, 
multiples of 360® shonld be subtracted until the angle lies between 
0® and 360®; if it be then greater than 180°, it should be reduced 
by 180°; if then greater than 90®, the formulae of Arts. 179 or 180 
should be nsed, and finally, if necessary, the formulae of Art. 178 
applied. 


EXAMPLES. XXXVn. 

Prove that 

1. sin 420® cos 390® + cos {- 300°) sin ( - 330°) = 1. 

2. cos 570® sin 510® - sin 330® cos 390®=0. 

and 3. tan 225® cot 405°+ tan 765® cot 675°=0. 

What are the values of cos A — sin/I and tan./4 +cot.4, whenyl has 
the values 

. 7Tr , _ lljT- 

4. and 5. 

What values between 0® and 3G0® may A have when 
6 . sinA=^, 7 . co3 A=-|, 8. tan.4=-l, 

9. ootA=~^S, 10. secA= and 11. cosec.4=-2? 
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Gzpr€ss in terms of the ratios of a positive angle, which is less 
than 45*^, the quantities 

12. cos 287°. 13. tan (-246°). 14. sin 843°. 

15. cos (-928°). 16. tan 1145°. 17. cos 1410°. 

18. cot (-J1054°). 19 . sec 1327° and 20. co3 eo(-75 G°). 

What sign has sin A + cos A for the following values of .1 ? 

21. 278°. 22. -356° and 23. -1125°. 

What sign has sin A - cos A for the following values of .4 ? 

24- 215°. 25. 825°. 26. -634° and 27. -457°. 

28. Find the sines and cosines of all angles in the first four 
quadrants whose tangents are equal to cos 135°. 

Prove that 

29. sin(270° + v4)—— cos^, and tan(270°+^)=-cot.d. 

30. cos(270°--4)=-sin-4, and oot(270°-d) = tan^. 

31. cos.4 + sin (270° + ^) - sin (270° - J) + cos (180° + ^) = 0. 

32. sec (270° - A) sec (90° - ^) - tan (270° - ^) Un (90° + ^) +1 = 0. 

33. cot.4 + tan (180° + ^) + ton (90° + -4) + ton (360° - ^) = 0. 

The Addition and Subtraction Theorems can now 
be shewn to be true for all angles by the aid of the general 
theorems of this Chapter. 

Addition Theorems. In Art. 44 these theorems 

were proved for the case in which A and B were positive 
acute angles. ^ 

Let now A^ = 90° + A, so that, by Art 180, we have 

sin.d,=:cos.d, andcos.d. = -sin.d. 

Then 

sin (A, + 5) = sin {90° .+ {A + B)} = cos (A + B), by Art. 180, 

= COS ^ COS - sin-4 sin = sin iii cos 5 + cos sin 

Also cos (A^ + £) = cos [90^ + (^ + .5)] = - sin (A + B) 

=—sin A cosB — cobA sin ^ = cos cos 5 — sin .^^sin A. 

Similarly, we may proceed if .5 be increased by 90\ 
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Hence the formulae of Art. 44 are true if either A or 
B bo increased by 90“, i.e. they are true if the component 
angles lie between 0° and 180*. 

Similarly, by putting ^2=90* + .dj, we can prove the 
truth of the theorems when either or both of the component 
angles have values between 0* and 270*. 

By proceeding in this way, we see that the theorems 
are true universally for any positive angles. 

Again, if either theorem is time for any positive angles 
A and B it is true for the corresponding negative angles. 

For sin (— A — ^) = — sin (A + B) (Art. 177) 

= — sin A cos B — cos A sin B 

= sin (— A) cos (- B) + cos (- A) sin (— B) (Art, 177). 

So for cos (—A — B). 

Hence the theorems are true for the negative angles 
-A,-B. 

185. Subtraction Theorems. In Art. 45 these 
theorems were proved for the case in which A and B were 
positive acute angles. 

Then, putting A^ = 90* + A, we have 

(since sin Aj = cos A, and cos A, = — sin A), 

sin (A, - J?) = sin [90* + (A - B)] = cos (A - B) (Art. 180) 

= cos A cos B + sin A sin B 

= sin A 1 cos B — cos A j sin B. 

Also 

cos {A,-B) = cos [90* + (A-~B)]=~ sin (A - B) (Art. 180) 

= — sin A cos B + cos A sin B 
= cos Aj cos B + sin Aj sin B. 

Similarly we may proceed if .5 be increased by 90 . 

Hence the theorem is true for all angles which are not 
greater than two right angles. 
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So, by putting ^ 2 = we may shew the theorems 

to be true for all angles less than three right an^rles, and 
so on. 

Hence, by proceeding in this manner, we may sliew 
that the theorems are true for all positive angles whatever. 

Similarly, as in the last article, for all negative angles. 

186. Since the Addition and Subtraction Theorems 
have now been proved true for all angles, the general 
formulae of Chapters VL, VII. etc. which are, or can be 
deduced from them are necessarily true for all angles. * 
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GENERAL EXPRESSIONS FOR ALL ANGLES HAVING 
A GIVEN TRIGONOMETRICAL RATIO, SOLUTION 
OF TRIGONOMETRICAL EQUATIONS. 


187. To construct the least positive angle whose sine is 
equal to a, where a is a proper fraction. 


Tjet OA be tlie initial line, and let OB be drawn in the 
jx)sitive direction perp>endicular to OA. 

Measure off along OB a distance 
ON which is equal to a units of length. 

[If a be negative the point will lie in 
BO produced.] 

Through N draw NP parallel to OA. 

With centre Oy and radius equal to the 
unit of length, describe a circle and let it meet NP in P. 



Draw PM perpendicular to OA. 


Since 




ON _a 
0P~1 



therefore AOP is the angle required. 
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188. To construct the least positive angle whose cosine 
is equal to 6, where h is a proper fraction. 

Along the initial line mejvsure off a distance OM equal 
to h and draw MP perpendicular to OA. 

[If b be negative, M will lie on the other 
side of 0 in the line AO produced.] 

With centre 0, and radius equal to 
unity, describe a circle and let it meet 
AIP in P. 

Then AOP is the angle required. For 

OM h , 

<^^AOP=.— = ~^b. 



189. To construct the least positive angle whose tangent 
is eq'ttal to c. 

Along the initial line measure off 
OM equal to unity, and erect a per¬ 
pendicular MP. Measure off MP 
equal to c. 

Then 

. MP 

tau.I0i>=g3^.c, 

so that AOP is the required angle. 

190. It is clear from the definition given in Art 35, 
that, when an angle is given, so also is its sine. The 
converse statement is not correct; there is more than one 
angle having a given sine; for example, the angles 30°, 
150, 390°, —210°, ... all have their sine equal to 

Hence, when the sine of an angle is given, we do not 
dehnitely know the angle; all we know is that the angle 
is one out of a large number of angles. 

Similar statements are true if the cosine, tangent, or 
any other trigonometrical function of the angle be given* 

Hence, simply to. give one of the trigonometrical 

functions of an angle does not determine it without 
ambiguity. 



.1* B. T. 
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191. Suppose Ave know that the revolving line OP 
coincides with the initial line OA. All Ave know is that 
the revolving line has made 0, or 1, or 2, or 3,... complete 
revolutions, either positive or negative. 

But when the revolving line lias made one complete 
revolution, the angle it has described is equal to 27 r radians. 

Hence, when the revolving line OP coincides with the 
initial line OA, tlie angle that it lias described is 0, or 1, 
or 2, or 3, ... times 'Itt radians, in either the positive or 
negative directions, i.e. either 0, or ±2tt, or+ 47 r, or + Gtt, ... 
radians. 

This is expressed by saying that Avhen the revolving 
line coincides with the initial line the angle it has de¬ 
scribed is 2n?r, where n is either zero or some positive 
or negative integer. 

192. Theorem. To find a general ex]yression to 
include all angles which ham the same sine. 

Let AOP be any angle having the given sine, and 
let it be denoted by a. 

Draw PJ/pei’pendicular to OA 
and produce MO to M\ making 
OM' equal to MO, and draw M'P' 
parallel and equal to MP. 

The triangles M’OP‘, MOP are 
then equal in all respects so that 
j.AVF==LAOP = a,sind i.AOP = tt-o^ 

When the revohdng line is in either of the positions 
OP or OP\ and in no other position, the sine of the angle 
traced out is equal to the given sine. 

When the revohdng line is in the position OP, it has 
either described the angle AOP, or has made a whole 
number of complete revolutions and then described an 
angle a, i.e., by the last article, it has described an angle 
equal to 

2?*7r -f* a. 

where t is zero or some positive or negative integer. 



( 1 ), 
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■When the revolving line is in the position OH, it has, 
similarly, described an angle 2r7r + A0H, i.e. an ancrle 

2r7r + IT — a, ® 

• (2r+l)7r — a. ^2), 

where r is zero or some positive or negative integer. 

All these angles will be found to be included hi the 
expression 

n7r+(- i)“a.(3), 

where 7i is zero or a positive or negative integer. 

For, when n = 2r, since (-1)2'- = + ], the expression (3) 
gives 2r7r + a, which is the same as the expression (1). 

Also, when n = 2r+l, since (-1)’^+^ = -!, the expres¬ 
sion (3) gives (2r-»-l)7r-a, which is the same as the 
expression (2). 

Cor. Since all angles which liave the same sine Iiave 
also the same cosecant, the expression (3) includes all 
angles which have tlie same cosecant as a. 

. Theorem. To faal a general expression to 

iTiclude all angles which have the same cosine. 

Let AOP be any angle having the given cosine, and 
let it be denoted by a. 

Draw PM perpendicular to OA and pro¬ 
duce it to P\ making MP' equal to PM. 

Wlien the revolving line is in the position 
OP or OP , and in no other position, then, as 
in Art. 188, the cosine of the angle traced 
out is equal to the given cosine. 

t-lio revolving line is in the position 

OP^ it has made a wliole number of complete 

revolutions and then descriljed an angle a, i.e. it has 

described an angle 27t7r -f a, where n is zero or some positive 
or negative integer. 

When the revolving line is in the position 0P\ it has 

made a whole number of complete revolutions and then 

described an angle -a, i.e. it has described an angle 
2ntr - a. ® 
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All tliese angles are included in the expression 

2n7r + a.(1), 

where n is zero or some positive or negative integer. 

Cor. The expression (1) includes all angles having 
the same secant as a. 

194. Theorem. To find a general expression for all 
angles ivhich have the same tangent. 

Let AOP be any angle having the given tangent, and 
let it be denoted by a. 

Produce PO to P\ making OP' 
equal to OP^ and draw PM' per¬ 
pendicular to OM'. 

As in Art. 181, the angles AOP 
and AOP' have tlie same tangent; 
also the angle A(9P' = 7r + a. 

When the revolving line is in 
the position OP, it has described 
a whole number of complete revolu¬ 
tions and then turned through an 
angle a, i.e. it has described an angle 


2?*Jr + a.(1), 

where r is zero or some positive or negative integer. 

Wlien tlie revolving line is in the position OP', it has 
similarly described an angle 2r7r + (tt + a), 

(2r + 1) TT + a .(2). 

All these angles are included in the expression 

DTT-i-a.(3), 

where n is zero or some positive or negative integer. 


For, when n is even, (= 2r say), the expression (3) gives 
the same angles as the expression (1). 

Also when n is odd, (=2r-»- 1 say), it gives the same 
angles as the expression (2). 

Cor. The expression (3) includes all angles which have 
the same cotangent as a. 










examples. 
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195. In Arts. 192, 193 and 194 tlie angle a is any 
angle satisfying tlie given condition. In practical examples 

It IS, m general, desimble to take a as the smallest positive 
angle which is suitable. 


X. Write down the general expremion for all angles, 

(1) lohose sine is equal to ^ 

2 ’ 

(2) whose cosine is equal 
and (3) whose tangent is equal to 

(1) The smallest angle, whose sine is , is 60°, i.e. —. 
havfSuBin^etl'^' expression for aU the angles which 


(2) The smallest positive angle, wliose cosine is - ^ 

2 ’ 

is 120°, t.e. . 

hav?th.“co«i.^fiB^‘’^' ‘O’- ““ anglen which 

27r 


(3) The smallest positive angle, whose tangent is 


is 30°, i.e. ^ 
o 


n/3’ 


have tHu to^gtnt k f-r all the angles which 

7r 

n. + -. 

Ex. 2. Wlmt is the most general value of 6 satisfying the equation 

4 


We have 


008 2^=1-28in*<? = l-^=:^_coa- 

2 2~^®3 


2tf=27ijr±I 

A 


[Art. 103], 
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3. What is the vwst general value of 0 xchich satisjies both 
of the equations sin d= - - and tan ^ ? 

Cousidoring only angles between 0^ and 360°, the only values of 6, 
wIk ii sin , are 210° and 330°. Similarly, the only values of 0, 

wIjcu tan 0 = ^ , are 30° and 210°. 

n/3 

The only value of 0, between 0° and 300°, satisfying both con¬ 
ditions is therefore 210 °, i.e. . 

6 

The most general value is hence obtained by adding any mnltiple 
of four right angles to this angle, and hence is 2 « 7 r + ^, where n is 
any positive or negative integer. 


EXAMPLES. XXXVIIL 

What are the most general values of 0 which satisfy the equations 


1 . 

sin = ^. 

2 . 

sin 0 =-^/i. 

44 


3. 


4. 

0 

0 

‘M 

II 

1 

• 

5. 



6 . 

cos 0 = - - 

K 

7. 

tan 0=^/3. 

8 . 

tan^= - 1 . 


9. 

1 

cot 0 = 1 . 

10 . 

sec 0 = 2 , 

cos- 0 = 7 . 

4 

11 . 

^ 2 

cosec 6 = • 


12 , 

sin ’0 = l. 

13. 

14. 

tan- 0 = 5 . 


15. 

sin ^0 = s>n 

16. 

2 cot^ 0 = cosec* 

0 . 

17. sec= 0 = 





1 


18. What is the most general value of 0 that satisfies both of the 
equations 

cos 0 =--^ and taa^=l? 

19. What is the most general value of 0 that satisfies both of the 
equations 

cot^=-v/3 and cosec ^=- 2 ? 

20. Find the angles between 0° and 360° which have respectively 

/Q 2 

( 1 ) their sines equal to ( 2 ) their cosines equal to - 5 , and 


(3) their tangents equal to 
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21. Given the angle x construct the angle y if ( 1 ) Biny = 2sina:, 
(2) tan 7 /= 3 tan X, (3) cos y = 2 cos x, and (4) sec 3 / = cosec x. 

196. An equation involving the trigononietncal ratios 

of an unknown angle is called a trigonometrical equation. 

The equation is not completely solved unless we obtain 
an expression for all the angles which satisfy it. 

Some elementary types of equations are solved in the 
following article. 


197. Ex. 1. Solve the equation 2 siu'^ x + ^3 cos x+1 = 0. 

The equation may be written 

2-2 cos^x + ^S COSX+ 1—0, 

2 cos* X - ,^3 cos X - 3 = 0, 

(cos X - ^3) (2 cos x+ ^3) = 0. 

The equation is therefore satisfied by cosx=;,y 3 , or cosx= 

angle cannot bo numerically greater than 
unity, the first factor gives no solution. 

The smallest positive angle, whose cosine is - , is ir> 0 °, — . 

Hence the most general value of the angle, whose cosine is - 
is 2nir±^. (Art. 193.) 

This is the general solution of tlie given equation. 

Ex. 2 . Solve the equation tan 5^=cot 2<?. 

The equation may be written 

tan 50= tan - 20^ . 

Now the most general value of the angle, that haa tl.e same 
tangent as --20, is, by Art. 194, 7 .,r + |-20, 

whore n is any positive or negative integer. 

The most general solution of the equation is therefore 

60=nir + ^- 20 . 


where n is any integer. 
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EXAMPLES. XXXIX. 


Solve the equations: 


1. 

cos-^ - sin ^ 1 = 0 . 

4 

2. 

2sin2 0+ 3 cos 0=0. 

3. 

•2.^/3 cos -0 = sin 0. 

4. 

COS0 + COS^0=1. 

5. 

4 cos 0 ~‘i sec 0 = 2 tan 0. 

6. 

3 

COS 20 + 4 cos 0 = ^. 

7. 

tun- 0 - (1 + .^/3) tan 0 + .^ 

'3 = 0. 

* 


8 . 

cot' 0 + cot 6 

+ 1 = 0 . 


9. 

cot 0 - <ih tan 0 = a- b. 

10. 

tan «0 + cot 20 = 2 . 

11. 

sec 0 - l = {y/2 - 1 ) tan 0. 

12. 

3 (sec- 0 + tan^ 0) = 5. 

13. 

cot 0 + tan 0 = 2 cosec 0. 

14. 

4 cos20 + ^3 = 2 (^3 +1) COS0. 

15. 

3 cos 20 + 4 sin 0 = 3. 

16. 

sin 50 = - . 

V- 

17. 

sin 90=sin 0. 

18. 

sin 30 = ain 20. 

19. 

cos »I0 =CO 8 7J0. 

20. 

sin 20 =co3 30. 

21. 

cos 50 = cos 40. 

22. 

cos ;;j 0 = sin ri 0 . 

23. 

cot 0 = tan 80. 

24, 

cot 0 = tan n 0 . 

25. 

2 

tan 20 = tan -. 

0 

26. 

tan 20 tan 0 = 1 . 

27. 

tan- .30 = cot 2 a. 

28. 

tan 30=cot 0. 

29. 

tan-30 = tau-a. 

30. 

3 tan* 0 = 1. 

31. 

tan 7IIX + cot nx= 0 . 



32. 

sin ( 0 - 0 ) = ,^, and cos( 0 + 0 ) = 

1 

2* 

33. 

1 /S 

cos (2x + 3y) = - , and cos (3x + 2y) = ^ . 

34. 

5 

If tan* d = 7 , iiud versin 
4 

0 and explain the doable result. 


198. The Addition and Subtraction Theorems may be 
used to solve some kinds of trigonometrical equations. 

EfX. Soli^e the cquatioTi 

sin X 4- sin 5x = sin Sx. 
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By the formulae of Art. 48, the equation is 

2 sin 3a; cos 2x = sin 3a;. 
sin 3a; = 0, or 2 cos 2x = 1. 
sin 3a; = 0, then 3.r = tnr. 


If 

If 

Hence 


cos2.r=i then 2a;-^2rt7r±^. 

Z o 


WTT 


TT 


X = > or 7i7r + g . 


199. To solve an equatitm of tJie form 

acos^ + 6sin^ = c. 

Divide both sides of tlie equation by so that 

it may be written 

L 

c 

\/a" + ‘ 


d b 

- fV ^ + -7 -^ 0 = 

+ 6“ 


I'iiid from the table of tangents the angle whose tangent 


is - and cull it a. 
a 

Then tan a = - , so that 

a 


Hin a =r 


r ., and cos a = 


a 


/• Y* y vvya - - -;— ♦ 

va* + 6* >/«•* +6* 

The equation can then bo written 
cos a cos ^ + sin a sin $ = 


%.e. 


cos - a) = 


c 

%/«■•* + 


Next find from the tables, or otherwise, the angle /3 


whoso cosine is 


so that 


cos yS = 


Va» + 6“ ’ 

c 


+ 6^ 

[N.B. This can only be done wlien c is <" + 6* ] 
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Tlie e(|uation is then cos {0 ~ a) ■= cos yS. 

The solution of this is ^ —a=2nir+/8, so tliat 

. 6 = 2«7r + a + y3, 

wliorc n is any integer. 

Anodes, such .‘is a and wliich are inlrixjuccd into 
trigonometrical work to facilitate computation are called 

Subsidiary Angles. 


As a numerical example let us solve the equation. 

5cos 6^2 sin 6=2, 

given that tan 21®48' = |. 

o 

Dividing both sides of the equation by 

i.e. 


we liave 


Hence 





cos 9 cos 21® 48' - sin 9 sin 21® 48' 


= sin 21®48' = sin (00® - G8® 12') 
= co8 G8®12'. 


cos(<?+21®4S') = cosG8®12'. 

Hence f? + 21°48'=2/i x 180®± 68® 12'. (Art. HfS.) 

.. f) = 2«x 180®-21®48'±68®12' 

= 2hx 180®-90®, or 2n x 180® + 46°24'. 
where n is any integer. 


200. Alitcr. Tbe equation of the last article may be solved in 
another way. 

0 

For let / = tan jr, 

A 


so that 


sin ^ = 


2 tan? 


2£ 


and 


cos^= 


l + tan21 

A 


9 1 + t** 


(Art. 61.) 
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The equation then becomes 


BO that 


(c + a) - + C - a=0. 


This is a quadi-atic equation giving two values for t and lienee two 


values for tan-. 

A 

Thus, the example of this article gives 

7t*+4t-3 = 0, 


so that 


Hence 


\.e. 


t=-l or y=-l or *4286 

= tan (-45°) or tan 23° 12' (from the tables). 
0 

2=n,180°-45°, or n. 180°+ 23° 12', 
^=n.360°-90°, or n.360°+ 40°24'. 


folio solution of Art, 190 may be illustrated graphically as 

Measure Ojl/along the initial lino equal 
to a, and HP perpendicular to it, and equal 
to b. The angle HOP is then the angle 

whose tangent is - , i.e. a. 


a 



■Wi^ centre O and radius OP, i.e. 

describe a circle, and measure 
ON along the initial line equal to c. 

Draw QNQ' perpendicular to ON io - . 

“““ “”-1 (^ON are therefore 

The angle QOP is therefore a-^ and Q'OP is a + a. 

Hence the solutions of the equation are respectively 

2nir + QOP and 2nir + Q’OP. 

N Jo‘i?dTu po'-* 


EXAMPLES. 

Solve the equations 

1. sintf + 8in7tf=8in40. 2 

3. COStf+CO880 = 2cO820. 4^ 


XL, 

cos ^ + cos7tf=coB4d. 

sin 40 ~ sin 2d=co8 30. 
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[£xs. XL. 


5. cose-sm30s=co8 2 <J. 6 . sin 7^ = sin ^ +sin 30. 

7. cos0 +cos20 +cos30 = 0. 8 . sin 0+sin 30 + sin 50=0. 

9, sin 20 - cos 20 - sin 0 + cos 0 = 0 . 

10. sin {30 + a) + sin (30 - a) + sin (a - 0) - sin (a + 0) =C03 a. 

11. cos (30 + a) cos (30 - o) + co 8 (50 + a) cos (50 - a) = co 3 2a. 

12. sin 50 cos 30 = sin 90 cos 70. 

13. cos 40 cos 0 = sin 60 sin 30. 

14. sin rn0 + sin/J0 = O. 15, co 8 7 n 0 + oo8n0 = O. 

16. sin 2 n 0 -sin-(n- l )0 = sm 20 . 

17. sin 30 +cos 20 = 0. 18. ^3 cos 0 +sin 0 = 1 ^ 2 . 

19. sin 0 + cos 0 =^ 2 . 20 . s/3sm0-cos 0 = ^ 2 . 

21 . siu.T + cosx=^ 2 cos 

22. 5 sin 0+2 cos0 = 5 (given tan 21®48' = -4). 

23. 6 cosx + 8 sin j = 9 (given tan 53®8'=14 and oo^2o‘*5^f= *9). 


24. 

l + 8in30 = 3Rin 0cos0(give 

n tan 71®34' = 

• 3). 

25. 

cosec 0 = cot 0 + .^/3. 

26. 

cosec 

= 1 + cot X. 

27. 

(2 + ;^3) co^ 0 = 1 ~ sin 0. 

28. 

tan 0 + sec 0=»y3. 

29. 

cos 20 = 008 ^ 0. 

30. 

4 cos 0 - 

3 spc 0 = tan 0. 

31. 

cos 20+ 3 cos 0 = 0. 

32. 

o 

+ 

2co8 0=i>. 

33. 

cot0 - tan 0 = 2. 

34. 

4 cot 20: 

=cot^0 - tan®0. 

35, 

3 tan (0 - 15®) = tan (0 + 15®). 

1 



36. 

tan 0+ tan 20+ tan 30=0. 




37. 

tan 0 + tan 20 + ^3 tan 0 tan 

20 = 



38. 

sin da=4 sin a sin (x + a) sin 


Cl). 




CHAPTER XVII. 

INVERSE CIRCULAR FUNCTIONS. 

202. If sm0 = a, where a is a known quantity we 

know./’We 

only know that 6 is some one of a definite series of angles. 

. The symbol “sin-^a” is used to denote the 
ngle. whether positive or negative, that has a for its sine 

The symbol <‘siii-a" is read in words as “ sine minus 

one a,” and must be carefully distinguished from 

which would be written, if so desired, in the form (sin a" " 
It will therefore be carefully noterl » • 

angle,^and denote the SHtane^sr/uInttalll^ 

90“w\Tn“a ni/ri "‘'‘.T'?. 0“ and 

^ n a 18 negative, it lies between -90“ and 0“, 


«in-‘i = 30O: sin-i (^ _BOO. 


co.,i^: --k-l angle whose 

. fi of which has Its cosme equal to a.. [For example. 
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both 30* and —30* have their cosine equal to 


n/3 


•] 


In this 


case ■we take the smallest positive angle. Hence cos ’o, 
wlien a is positive, lies between 0* and 90*. 

So cos’b/, when a is negative, lies between 90’ and 
180*. 



COS'* , 

N 




COS'* 



Similarly, tan *a means the smallest angle whose 
tangent is a. 

"NVIien a is positive, the angle tan'*a lies between 0’ 
and 90*; when a is negative, it lies between —90* and 0*. 


Ex. tau'V3 = 60°; tan-*(-l)=-45®. 

Similarly, cot”V«, cosec"*a, ... are defined. 

These quantities are called Inverse Circular, or 
Trigonometncal, Functions. 


203. Ex. 1. 
Let 

and therefore 
Let 


Prove that sm * = - cos'* 5 ^ sssin '*_-.;. 

5 13 60 

3 3 

sin~* = = a, so that sin a= ^ , 

5 a 


cos 





cos~*||=/S, so that cos/3=^, 


and therefore 


sin/Sss —A. 

V icy 13 


Let 

We have then to prove that 


. ,16 . 16 
sin * —^ 7 , so that sm'y= 2 rr. 

00 vD 


i.e. to shew that sin (a-/9) = Bin 7 . 

Now sin (a - ^) = sin a cos - cos a sin ^ 

3 ^ 4 5 _36-20_16_ . 

”5*13 5*i3“ 65 

Hence the relation is proved. 
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Bx. 2. Frovethat 2 tan-i | + tau”* ^ ^. 


Let 


and let 


*3 = ®! so that tana = g, 

80 that tan/S = ^. 


We have then to shew that 


Now 


tan 2a = 


2a+^=T. 

2 tan g 
1 — tan-* a 
2 

_6_3 

j 1 8“4* 


Also, 


tan (2a+^) = .^*?_2a_+tan^ 

^ ^ 1-tan 2a tan/9 

, j"**? 21 + 4 25 ^ 

,31 28 - 3 "■ 25 ~ ^ ~ 7 • 

4-7 


2a+/3 = ^. 

4 


3e Prai;e 


Lot 


4tan-ii_tan-* = 
o 230 4 * 

= GO that tana=-. 


Then 


tan 9^ 2 tan g _ 5 5 

l-tanaa“ 

~25 


and 


tan4a= 


1 - 


144 


120 

119’ 


““ ■’ “““y. 4.. therefore nearly 

^«=^ + tan~ia:. 


Let 
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TRIGONOMETR Y, 


^20 

iiy 


= tan (Art. 54) 


Hence 


■ 239 ■ 

4 tan“* ^ - tan“*~ 


Ti 


Sx« 4« Prove that 


tG3 ,1 

cos^^ 77^ + 2 tan“*^ p 

Oo 5 


oo 

Since 65^- 63^ = 10^, we have 

1ft 


• -i3 

:SIU ^ = 

5 


.63 
cos * — 


63 ^ .16 

65 = ‘“ M- 


3 3 

Also, as in Ex. 1, sin“*-= = tan“'- . 

o 4 

We have therefore to shew that 



Now 


,16 ... ,1 

tan-\-- + 2tan-* j 

U 3 O 


tan“* 7 
4 


r n 2 • 

_ 2 tan tan-^= ■= 

tan r 2 tan-i -1 -=---=- = ^ 2 ' 

L l-tan3[tan-^^] 1-^ 


30 that 
Thas 


2 tan”^ p = tan“’ ^. 
5 xi 


tan ^ ^ ^ * A 

' A 

03 ■*‘12 102 + 315 507 3 

~ 1 _ 1 ^ _ 5 _“' 756-80 “ 076 “ 4 ’ 

^ 03 * 12 

tan-' ^ + 2 ta»-' \ = tan"' 7 . 

0.3 o 4 


ZSx. fi. 


Solve the equation 


tan 


_, x + 1 


x-1 


— tan~' 


l=tan-.-! 


X 
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Taking the tangents of both sides of the equation, we have 


t.e. 


t.e. 


so that 


tan tan 




+ 1 “| 
-1- 


tan tan“ 




l + tiioj^tan tan Qan“*—— 

= tau = Z, 


t “ • 1. ~ — i 

1 ^ X + 1 X“ 4 ’ 
x-1 c” 

3x- i 7 

2xa-x-l~4 

3 i 


EXAMPLES. XLI. 

[The student should verify the results of some of the follotoina 
e.Tamples {e.p. Nos. 1—4, 8, 9 12, 13» an accurate 

Prove that 

1 . + 


V826^' 


3. cos '| + tan-'|=tan->^. 

o o XI 

4. --i + --}| = C08-g. 


5. 008”iar=28iu~* 


1 -X 


= 2 C08~* 


ITx 

“ 2 "* 


6. ai„-.| + ai„-.^=ai„-.||. 

7. tan-» - + tan-» ~ =: sin-J + cof* 3=45®. 


s/5 


8. tan-il + tan-ii = tan-i? 


9. tan-t| = ltan-i:L2. 


L. E. T. 


14 
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[£zs. XLI. 


10 . 


11 . 


♦ il * i2 1 ,3 

tan-i - + tan-^ s = « cos“^ -= 
4 Q 9. K 


2 tan-^ ^ + tan-i ^ + 2 tan~* g = 7 


12. tan- 


^ 5'. g- 4 . 

,3 ^ ,3 , , 8 TT 

i_^^tan-i--tan-Y3=4. 


13. 


tan-> ~ + tan-* \ + tan-* J + tuc'^ \ = ~ 
o o t 8 4 


Solve the equations 
14. tan-* ^ — = ^ 


15. tan-»2x+tan->3x=y . J6. tan"* —i + tan-*-*^!* 

4 x-2 x+2 

17. tan~* (x+ 1) + cot“* (x - l) = sin-* ^ + cos“* f . 

5 5 


18. 


19. 


2L 


tan-* (.r + 1 ) + tan-* (x - 1 ) = tan"* ^ 


tancoa-* x=sincot ** 5 . 

A 


20 . cot-* X - cot-* (x + 2) = 15®. 


_, x* -1 ^ , 2x 2ff 

cos *^,_ + tan-*^^ = -^. 


22. pin-*x + sin-*2x=^ 23, ein-*- + sin-* — = 5. 

3 X X 2 

Draw the graphs of 

24. siQ-*x. [N.B. If j/ = 8in-'X, then x=smy and the graph 
beara the same relation to OY tliat the curve :u Art. 169 bears to OA'.J 


25. cos-*x. 

28. co8ec“*x. 


26. tan-*x. 
29. Bec-> X. 


27. cot“‘x. 





CHAPTER XVIIL 


trigonometrical ratios of small angles. 

AREA OF A CIRCLE. DIP OF THE HORIZON. 


number of radians in any anqle, 
which xs less than a right angle, then sin B, 6, and tan B are 
in ascending order of magnitude. 

Let TOP bo any angle whicli is less than a riglit angle. 

AVith centre O and any radius OP 
describe an arc PAP meeting 07' in 

Draw PN perpendicular to OA, 
and produce it to meet the arc of the 
circle in P\ 

Draw the tangent PT at P to 
meet OA in T, and join 7'P’. 

Tlie triangles PON and P’ON nvo 
equal in all re.spects, so that PN^NP 
and 

arc7M ^avcAP’. 
re.,pte“. so“tha7'‘'''“ “'I 



TP = TP'. 

The straig/ht line PP^ ig less than the arc PAP\ so that 
NP IS < arc PA. 

* 3® that the arc PAP' is less than the sum 

of PT and TP\ so that arc PA < PT, 


14—3 
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Hence the arc AP^ and PT are in ascending order 
ot magnitude. 

e 3,rc AP , PT 

Therefore and are in ascending 

order of magnitude. 


But 


lYP 

OP 


- sin. AOP-sin 



arc AP 

--jjp- = number of radians in AOP^ $ (Art. 158), 


and 


PT 

= tan POT-ta.n AOP-tan d. 


Hence sin 6 , $, and tan 6 are in ascending order of 
magnitude, provided that 



205. Since sin^-<^<tan^, we liavo, by dividing each 
hy the positive quantity sin^, 


1 < 


e 


< 


1 


Hence 


sm 


sin^ cos^* 

$ 1 
^always lies between 1 and - 

^ COS& 


This holds however small $ may be. 

Now, when B is very small, cos 6 is very nearly unity, 
and the smaller B becomes, the more nearly does cos 6 

become unity, and hence the more nearly does - ^ 

cos B 

become unity. 


Hence, when B is very small, tlio quantity lies 

sin B 

between 1 and a quantity which differs from unity by an 
indefinitely small quantity. 

In other words, when B is made indefinitely small the 
0 sin 6 

quantity ^, and therefore —~ , is ultimately equal to 

unity, i.e. the smaller an angle becomes the more nearly 
is its sine equal to the number of radians in it. 
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Tills is often shortly expressed tlius; 

sin $ when d is very small. 

So also tan 6 ~ By when B is very small. 

preceding article it must be particularly 
notii^ that 6 IS the number of radians in the angle 
considered. ® 

The value of sina% when a is small, may be found 
For, since 7^«^=180^ we have 


a 


= llo)' 


o f 7ra TTtt 


.. sm a = sm ^ 
by the result of the last article. 

207. From the tables it will be seen that the sine 
ot an angle and its circular measure agree to 7 places of 
d^imals so long as the angle is not greater than 18'. 

ley ^ree to the 5th place of decimals so long as the 
angle is less than about 2“. 


208 . 

Since 

we have 


Also 


1. Find the valuee of einlOf and cob 10'. 

10 '=—= 

6 180x6* 


180x6 


sin 10 ' = 8 m V = 

\, 180 x 0 y 

8-141692G5... 

-- iQoV^ =-0029089 nearly. 

cos 10 ' = -s/T-sin^lO' 
=[l--000068468...]i 

= l-^[-000008468...], 
approximately by the Binomial Theorem, 

= 1- 000004234... 

= •9999968. .. 
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. 2. Solve approximately the equation 

iind = ‘52. 


Since sin 6 is very nearly eqaal to ^^ must be nearly equal to 

A 


Let then d = ^ + x, where x is small* 

b 

•52 = sm + jr^ = sing 

73 . 


TT 


COS X + COS ^ smx 
0 


1 V 

= - cos X + ^ sm X . 

^ A 


Since x is very small, we have 

cosj: = 1 and sin.r=a; nearly. 

i = -02 X ~ - radians x — = (V x 1-732 ... x -318...)° 

^'3 7o 75 T “ 

= 1*32° nearly = 1® 19' nearly. 
Hence $ = 31® 19' nearly. 


EXAMPLES. XLII. 

[7r=3-141592G5; i = -31.S31...] 

TT 

Find, to 5 places of decimals, the value of 

I, sin 7'. 2. sin 15". 3. sin 1'. 

4, cos 15'. 5. cosec 8". 6. sec 6', 

Solve approximately the equations 

7. sin ^='01. 8. sin 0= *48. 

9. cos + ^^ = *49. 10. cos ^=‘999. 

II. Find approximately the distance at which a halfpenny, which 
is an inch in diameter, must be placed so as to just hide the moon, the 
angular diameter of the moon, that is the angle its diameter subtends 
at the observer’s eye, being taken to be 30'. 

12. A person walks in a straight line toward a very distant object, 
and observes that at three points A, B, and C the angles of elevation 
of the top of the object are a, 2a, and 3a respectively; prove that 

AB=ZBC nearly. 


Oil *1 
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209. Area of a circle. 

By Art. 142, the area of a regular polygon of n sides, 
which is inscribed in a circle of radius R. 


n . 360 

2 n 


n 27r 

= sin — 
Z n 


liCt now the number of sides of this polygon be inde¬ 
finitely increased, the polygon always remaining regular. 

It is clear that the perimeter of the polygon must more 
and more approximate to the circumference of the circle. 

Hence, when the number of sides of the polygon is 
infinitely great, the area of the circle must be the same as 
that of the polygon. 

. 27r . 27r 

^ o — Sin — 

Now 

" w 2 n Itt 2ir 


n 


71 




sin^ 


where 6 = 


27r 


n 


When 71 is made infinitely great, the value of & becomes 
infinitely small, and then, by Art. 205, is unity. 

The area of the circle therefore = = tt times tlie 

square of its radius. 


210. Area of tlie sector of a circle. 

Let 0 be the centre of a circle, AR the bounding arc of 
tho sector, and let ^ AOli = a radians* 

By geometry, since sectors are to one another as the arcs 
on which they stand, we have 

area of sector A O B arc xiB 
area of whole circle circumference 

Ro. a 
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area of sector ^ x area of wliole circle 




EXAMPLES. TT.ttt 

[/h th>> following examples assuyne that = *31831 

and log T=-49715.] ^ 

1. Find the area of a circle whose circumference is 74 feet. 

2. The diameter of a circle is 10 feet; find the area of a sector 
wtiose arc is 22^®. 

3. The area of a certain sector of a circle is 10 square feet: if the 

radius of the circle he 3 feet, find the angle of the sector. 

4. The perimeter of a certain sector of a circle is 10 feet; if the 
radius of the circle be 3 feet, find the area of the sector. 

5. ^Hiat is tlic length of the circumference of a circle whose area 
IS one acre? 


6. A circle is of radius one foot; find (1) the area between it and 
an inscribed square, and (2) the area between it and a circumscribed 
square. 

7. Find to the nearest hundredth of on inch the radius of a circle 
equal m area to an equilateral triangle of side 3 inches. 

8. the ratio of the area of a regular polygon of 120 sides to 
that of its circumscribing circle. 

^ <^>rcle of 10 feet circumference is surrounded by a uniform 
width equal in area to the circle. Find the diameter of the outer 
circle. 


10. A strip of paper, two miles long and *003 of an inch thick, is 
rolled up into a solid cylinder; find approximately the radius of the 
circular ends of the cylinder. 


11, A strip of paper, one mile long, is rolled tightly up into a 
solid cylinder, the diameter of whose circular ends is 6 inches; find 
the thickness of the paper. 


12. If each of three circles, of radius a, touch the other two, prove 

that the area included between them is. nearly equal to ~a\ 

25 


13. Six equal circles, each of radius a, are placed so that each 
touches two others, their centres being all on the circumference of 
another circle; prove that the area which they enclose is 

2n»(3,^3-jr). 
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211. Dip of the Horizon. 

Let 0 be a point at a distance h above the earth’s 
surface. Draw tangents, such as OT 
and 0T\ to the surface of the earth. 

The ench of all these tangents all 
clearly lie on a circle. This circle is 
called the Offing or Visible Ho¬ 
rizon. The angle that each of these 
tangents OT makes with a horizontal 
plane POQ is called the Dip of the 
Horizon at 0. 

Let T be the radius of the earth, 
and let B be the other end of the 
diameter through A. 

Since 00 = OA + AC = h + therefore 

OT^ = 00^ ~ CT^ = (r + hf - = 2Ar + h\ 

so that 0T=s/r(2^). 

This gives an accurate value for OT. 

pared" “on*- 

geneLuy ye“rJ"LSierabry than" 

Hence 4“ is very small compared with hr. 

As a close approximation, we have then 

OT = 'J2lir. 

The dip ^lTOQ 

=^W-i_COT^^OCT. 


Also, 


tan OCT = 


OT 

CT 


80 that, very approximately, we have 



lOCT = 



^ radians 

T 


= —y == j~ 180x 60 x 60 ^27tJ" 
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212. Bx. Tayxng the radius of the earth aiA!(i(^(^miU6yfindihe 

dip at the top of a li<jhthoiue which is 264 feet above the sea. and the 
distance of the ojiug. 

Here ) =4000 miles, and /i=264 feet = imile 
Hence h is very small compared with r, so that 


— \J 10 4000= ^400=20 miles. 


Also the 


■“•V? 

-(■i 

Vsuo 


radians = radian 

aUU 


160 X 60 


j =^^y=irir nearly. 


EXAMPLES. XLIV. 


oOierwise stated, the eartKs radius mau be taken to be 4000 


1. Find in degrees, minutes, and seconds, the dip of the horizon 
from the top of a mountain 4200 feet high, the earth’s radius being 
21X 10« feet. 


2. The lamp of a lighthouse is 196 feet high; how far off can it 
be seen? 


3. If the radius of the earth be 4000 miles, find the height of a 
balloon when the dip is 1®. 

Find also the dip when the balloon is 2 miles high. 

4. From the top of the mast of a ship, which is 66 feet above the 
sea, the light of a lighthouse which is known to be 132 feet high can 
just be seen ; prove that its distance is 24 miles nearly. 

5. From the top of a mast, 66 feet above the sea, the top of the 
mast of another ship can just be seen at a distance of 20 miles; prove 
that the heights of the masts are the same. 


6« Prove that, if the height of the place of observation be n feet, 

the distance that the observer can see is ^ miles nearly. 

2 


7, There are 10 million metres in a quadrant of the earth’s cir¬ 
cumference. Find approximately the distance at which the top of the 
Eiffel tower should be visible, its height being 800 metres. 



TABLES OF LOGARITHMS, NATURAL SINES, 
NATURAL TANGENTS. LOGARITHMIC SINES. 
AND LOGARITHMIC TANGENTS. 
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^/15 1 , 
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6. 5 . 

11 60. 61 
”• 60* 61* 60* 
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5' r 

9. 

40 41 

9 ’ 40* 

10. 5. 5: 8- 
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•75; 2-676. 

12. 

2-51: 3-64, 

13. |vSi 


14. 

1 - 15. 

3 5 

16. ®. 

17 1 ?. 

j3 
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19. i. 

20. 1.^3. 

21. H-^/2. 

22. 

2x(x + l) 

2i»+2x + l* 

2x + l 

2x»+2a;+l* 




L. E. T. 


16 


11 


TRIGONOMETRY. 


1 . 

4. 

6 . 

9. 

11 . 

13. 

15. 

17. 


208A yds. 
346-41 ft. 
160 ft. 

146•4... ft. 
28 ft. 


V. 

2 . 

5. 

7. 

10 . 

12 . 


(Pages 26, 27.) 

6000 ft 3,' 462 :t. 

34-64... ft.; 20It. 

225 ft. 8. 136-6 ft. 

367-Q... yard...; 454-3... yards. 


87-846... ft. 

94-641... ft.; 54-641... ft. 14 . 8b-6...ft. 

115-359... ft. 16. 43'3...ft.; 75 ft. from one cf the pillars. 

30°. 19. 13-8564 miles per hour. 


1 . 

3. 

8 . 

10 . 


VI. (Pages 33, 34.) 

Approximately 42° and 34°. 2. *97 nearly. 

-Ixy 2xy 


600 ft. 

* - tan*.^. 

tali'* ^ 

In 1§ minutes. 


4. 


9. ^=60°. 


VH. (Page 42.) 


1. 

- cos 25°. 

2. 

sin 6° 

3. 

- tan 43°. 

4. 

sin 12° 

5. 

- cos 43°. 

6. 

cot 33°. 

7. 

Negative. 

8. 

Positive. 

9. 

Negative. 

10. 

Negative. 

11. 

Negative. 

12. 

Positive. 

13. 

Negative. 

14. 

Negative. 

15. 

^3-1 4 ,, 

■ 2 ’ 

16. 

v/3+1 

2 

1^/3- 

17. -v'^i 

-2. 

18. ^/2; -2. 

19. 

V3-l^ 
2 ’ 

|V3- 





1 — 

X* 


4 • - 


2- \ 


77 
85 * 

1 ^ 3 . ^ 

205 * ' 205 * 

^ m. 220 
221 ’ 221 ’ 21 


Vlli, (Page 47.) 

16. 3S 
65’ 65* 
1596 3444 

3445 * 3445 


6 . 



ANS}rBBS. 


in 


X. (Pages 53, 54.) 


1, Bin 50 +sin 0. 2. 


3, cos70 + cos30. 

4. 

5. (^80-cos30. 

6. 

7. sin 120-sin 20. 

8. 

9. cos 12° - cos 120°. 

10. 

11, sin 40-sin 0. 

12. 

30 

13. 008 0 - 008 y . 

26. 


sin 40 - sin 20. 
sin 110-sin 70. 
cos 20 - cos 120. 
cos 140 +cos 80. 
sin 50 +sin 20. 

30 

cos 20 + COS-jr*. 

cos 0 + cos 20 + cos 80 + cos 40. 


ZI. (Pages 57, 58.) 


1. 

-1;^ 

2. - 

117. ! 3 

44 ’ 4* 

84 

13 

5. 

4 3^ 

3’ 4’ 

9 

* 13* 

12. 1. 




xn. 

(Pages 61—63.) 


1. 


^ IS 

= Zl ■ 


2. 



(3) y|. 3. 

a. 

31. 

cot/3 and - 

•tan /3. 

32. ooBaandfiina. 


1 . 

3. 

6 . 

9. 


Xm. (Pages 67, 68.) 

V2+n /3. 7^3+ 4^2 13 1 169 

6 » 18 • 12’ 2^ ’ 120- 

_7_ ,16 49 R4.3.1 

5^2* ^ 305’ 30.5• 4’ 3' 

^ ^ • 7. ^/2 — 1; — {j^2 +1) +1^4 + 2^2. 

a»+63 / 1 7 

2 V a^+fra"^* 


16—2 



IV 


TRIGONOMETRY. 


XV. (Pages 80, 81.) 

1. i-90309; 3-4771213; 2-0334239; I-4C50389. 

2. -1353301 ; 2-1241781 ; -5388340; 1-0759623. 


3. 

2 ; 2 ; 0 ; 

4 ; 2 ; 0 ; 3. 

4. -3129. 

5. 

1-3205 ; 5-8845 ; -4618. 


6. 

(1) 21; (2) 13; (3) 30; (4) the 7th; (5) the 21st; (6) the32nd 

7. 

-2222. 

8. 8-6415. 

9. 6-0693. 

10. 

1-6389. 

11. 4-717. 

12. -41431. 

13. 

6-736. 

14. 1328-7. 

15, 333050 cubic centimetres, 



XVI. (Page 86.) 

1. 

4-5527375; 

; 1-5527394. 


2. 

4-7089529; 

3-7689502. 


3. 

478-475; -004784777. 4. 

2-583674; -0258362, 

5. 

1-2810. 

6. 11325. 

7. 51-125. 

8. 

1-3140. 

9. 217-95. 

10. -58575. 

11. 

225-7. 





XVII. (Pages 

91, 92). 

1. 

•68704. 

2. 4.3® 23'43". 

3. -31333; 18° 15'28'. 

4. 

■84551; -84545, 

5. 32®16'36": 32®1G'20'. 

6. 

4-12031; 4-12188. 

7. 4-39932; 4-39768. 

8. 

13® 8'47". 


9. 9-74148; 33® 27'25". 

10. 

9-9147334. 


11. 34® 44'27". 

12. 

9-5251497 ; 

71® 27' 43". 

13. 10-0229414. 

14. 

18® 27'17". 


15. 36® 52'12'. 



XVm. (Pages 

95, 96.) 

1. 

•61245. 

2. 3-37235. 

3. -41284. 

4. 

■47392. 

5. 1-71406. 

6. -30082. 

7. 

9-42563, 

8. 0-90082. 

9. 9-67433. 

10. 

13° 28'. 

11. 22®1'. 

12, 65® 24'. 

13. 

22® 37'. 

14. 10® 15'. 

15. 44® 56'. 

16. 

22® 37'34' 

17. CO® 42'. 

18. 79® 17'34". 

19. 

73® 31' 13' 

20. 14® 3'8". 

21. 64® 51'7". 

22. 

8® 9' 33". 

23. 60® 27'. 

24. 73® 30'. 



AKSWJiJiS. 


V 


1 . 


2 , 


3. 


. (Page 103.) 

11 .9 

g > 2 * ftncl ^ • 

■* ^ 8 24 , 49G 

* 5’ ^ 5^/41* 41’ 25’ 1025' 

3 4 , , 

5’ 5’ ^• 


W41* 5 


6 . 


5 12 

12* 5 ’ ®' 

7 . 287 

41 8 T 6 - 


c 4 6 G ,12 

5’ G5 13 

7. -J; 143^8'. 


8 . 20^23'; 30® 20'; 117® 17'. 


XX. (Pages 107, 108.) 

20 . 16-8 feet. 


X Xn . (Pages 114, 115. 


1. 186*60... and 193-18. 
3. 26®13'36"; 734*3. 

6 , 199*056 feet. 7 , 
8 . 75® and 15®. 


2. 26®33'54"; 63®26'6"; lO^Sft. 
4. 9® 36'. 5 . 17*365 yds. 

48® 35'25". 36® 52'12" and 94° 32'23". 


XXm. (Pages 117, 118.) 


1 . 90 ®. 2 . 30®. 4 , 120 ®. 

5. 45®, 120® and 15®. 6 . 45®, 60®, and 75®. 

7, 68®69'34". 8 . 104®28'39". 9 . 77®19'9". 

10. 76®39'5". 11 . 44®25', 34®3', 10i®32'. 

12. 25®3'; 28®4'; 126®53'. 13. 66 ® 15', 59®51'and 63®54' 

14. 38® 57', 47® 41' and 93® 22'. 

15. 130® 42', 23® 27'. and 26® 61 '. 

16. 88 ® 18'; 96® 39'; 45® 3'. 17 4107 '. 



VI 


TRIGONOMETR K 


XXIV. (Pages 122, 123.) 

1. A = 45°; B = 7o°] c=^Q. 2. 40yda.; 120°; 30°. 

3. ^/0; 15°; 105° 4. -8965. 

6. 87°27'25"; 32°32'35". 7. 117°38'45"; 27°38'45". 

8 . G3°13'l"; 43° 58'29". 

9. 8^7 feet; 79°6'23"; 60°; 40°53'37". 

10. 40° 53'36"; 19° 6'24"; ^7-.2. 

11. 71°44'30": 48°15'30". 12. 124°48'59"; 33° 11'1". 

13. 102° 22'6"; 40° 37'54". 

14. if = 38°30'; c=97°30'; a = 3013. 

15. 124° 29' 20"; 21° 54' 40". 

16. ^=83°8'; £ = 42°16'; c = 199-l. 

17. B = 110°48'; C=26°56'; a=93-55. 

18. 73°0'37"; 48°41'23". 19. 88°30'27"; 33°31'33". 


XXV. (Pages 127, 128.) 

1. There is no triangle. 

2. i?i = 30°, C, = 105°, and b^=zy/2’, £ 2 = 60 °, C 3 ~ 75 °, and 

63 =^ 6 . 

3. Il, = 30°, C, = 120°, and 5, = 100; i?2=90° C2=60°. and 
53 = 200 . 

5. 4 .^3 ±2^5. 

7. 33“ 29'30" and 101° 30'30". 

8 . (1) The triangle ia right-angled and £=60°. 

(2) 5j = 60*388, 1#, = 8°41' and C', = 141°19'; 

i?2=lll°19' and C2=38°41'. 

9. Ci = 17T, C, = 108°11'21"; C 2 = 3-68, Cr^=ll°48'39". 

10. 5*988... and 2*6718... miles per hoar. 

11 . Ci = 88°57', c,= 7*9987; C -3 = 31°3', C2=4-12G3. 

12. C=12°22'; ^ = 137°38'; a = 9*434. 

13. iJi = 116°5a', 6i=13 047; i?2=23°10', 62=5*751. 

14. 63°2'12" or 116°67'48". 

15. 62°32'33" and 102°16'27", or 117°27'27" and 47°21'33". 

16. 5926*7. 



A^'SW£IiS. 


• • 
vu 


XXVI (Pages 129, 130.) 

1, 7:9: 11. 4. 7907. 

5. 1 mile; 1-219714... miles. 7. 20-97G... ft. 

8 . 6-8567... and 5-4378... ft 9. 404-43... ft 

10. 600-4 feet. H. ^3 -1, 1. and ^2 feet. 

12, 233-25 yards. 13. 2229 yards. 


1 . 

3. 

5. 

7. 

9. 

11 . 

12 . 

15. 


16. 

19. 

22 . 

26. 



XXVn. (Pages 137-141.) 


100 ft. high and 50 ft. broad; 25 feet. 2. 25-78 yds. 
10-2426... miles per hour. 4. 18*3... ft. 

120 ft. 6. 1939-2... ft 

10 miles per hour. 8. 16-3923... miles; 14-697... miles. 
114-4123 ft 10. 86-6... yards, 

c sin p cosec (a +/3); c sin a sin /3 coseo (a + /3). 

32^5 = 71-55... ft 13. 100 ft 


PQ^BP=BQ -1000 ft; ^ P=500 (^6 - ^2) ft.; 

^g=iooov2ft 

1-366 miles. 18. 1069-8 ft 

25-98... ft; 70-98... ft; 85-98... ft 21. 692-8... yards. 

htanacot/3. 23. 61-224... ft 


I coseo 7 , where y is the son’s altitude; 


ain7= 



375 

At a distance - i= ft. from the cliff. 

V* 


XXVm (Pages 141-143.) 


1 . 

3. 

5. 

7. 

9. 

12 . 

15. 

18. 


51-77 yds.; 11® 18'36". 2. 104-9 feet 

•32129 miles. 4. -17365 miles; -98481 miles. 

141-346 and 41-92 yds. 6. 1961 yds. nearly. 

4-7403 and 5-1508 miles. 8. 1-8566 and 1-2471 miles. 
624-76 yards. IQ. 91-896 ft 11. 2-4583 miles. 

439-2 yds. 13. 132-27 feet 14. 235-8 yds. 

1-4277 mUes. 16. 108-69 feet 17. 119-286 ft. 

401 ft; 877 ft; E. 38® 41' N. 19. 125-32 feet 





TRIGONOMETRY, 


XXIX. (Pages 145, 146.) 

1. 84. 2. 21G. 3. G30. 4. 3720. 5. 270. 

9. ll‘C84 sq. ins. 10. 155333 sq. ft.=3‘565,.. acres. 


11. 

G0499 sq. ft. = 1-39 acres. 

12 . 

481*6 sq. ft. 

13. 

85306 sq. ft. 

14. 

6464-1 sq. yds. 

15. 

1G479-1 sq. yds. = 3-405 acres. 

17. 

5 and 3*18 ins. 

18. 

90 and 69*65 feet. 

19. 

35 yds. and 26 yds. 

20 . 

14-941... inches. 

21 . 

120 ° 


XXX. (Pages 151, 152.) 

3. 8-J, 1^, 8, 2, and 24 respectively. 

XXXI. (Page 156.) 

1, 77-98 ins. 2. -5359. 

3. (1) 1’720... sq. ft.; (2) 2-598... sq. ft.; 

(3) 4-8284... sq. ft.; (4) 7-694... sq. ft.; 

(5) 11-19G... sq. ft. 

4. 1-8866... sq. ft. 5. 3-3136... sq. ft. 

6 . 2-hs/2:4; n/2T-^:2. 10. 6 . 


XXXn. (Page 159.) 


1. 

338 33'33-3". 2. 908. 

3. 

1538 88’ 88-8". 

4. 

398 76'38*8". 5. 261 34'44*4". 

6. 

5238 3' 33 -3". 

7. 

1J rt. Z ; 108°. 8. -453524 rt. L \ 

40° 49" 1*776". 

9. 

•394536 rt. / ; 35° 30" 29-664". 



10. 

2-550809 rt. / ; 229° 34' 22-116'. 



11. 

7-590005 rt. l \ 683° 6' 1*62". 

15. 

47A°: 42ir. 

17. 

83° 20'; 10° 48'. 





ANSWERS. 


IX 


«ii 


(Page 163.) 


1. 25132‘74 miles nearly. 2. 

3. 12*85 miles nearly. 4. 

5. 581,194,640 miles nearly. 6. 

7. 720*29.... 8. 


19*28 miles per hour nearly, 
3*14159... inches. 

7*8539... feet 
14*994 miles nearly. 


. (Pages 166, 167.) 


1. 

60®. 

2. 240®. 


3. 

1800°. 

4. 57® 17' 44*8 

6. 

458® 21'58*4". 


6. 

1608 . 

7. 

2338 33' 33*3". 

8. 

20008 . 

9. 

IT 

3* 


10. 

221 

360 

11 . 720 "• 

12 . 

3557 

13500"’' 


13. 

79 

36" 


14 - 

i<±. 

. 1103 

‘ 2000 

16. 

l*720268jr. 

17 

81®; 9® 

18. 

132® 15' 12*6". 

19. 

30®, 60°, 

and 90°. 


20. 

It , 

2 ’ 3’“'* 

2 ir 1 

-g- - ^ radians. 

21 . 


108®. 


(2) 

Stt 

T’ 

128f®. 

(3) ^ ; 135". 



150®. 


(5) 

15?r 

17 

; issif® 



22. 1:15; 360. 

» . _ . 6?r 

24. 14; y. 

27. (1) 

(3) -g- = 112i‘’=125*. 


23. 60®; 45®; 135®; 120®. 
25. 8 and 4. 


26. I 


(2) ^^ = 70®=77J^; 


28. (1) At 7,*r and 36 minutes past 4; (2) at 28i«r and 48 minutes 
past 7. 


XXXV. (Pages 170, 171.) 


1, 20*455® nearly. 

3. 68*75 inches nearly. 
5. 24*555 inches nearly. 


2. g radian; 34® 22' 38*9". 

4. *05236 inch nearly. 
6 . 1® 25'57" nearly. 



X 


TRIGONOMETRY, 


7. 

9. 

11 . 


12 . 

14. 

16. 

18. 


3959*8 miles nearly. 

8. 

7rft. = 3*14159 ft. 

5:4. 

10. 

3*1416. 

47r 9ir 14jr IOjt 

, 24ir 

radians. 

35’ 35’ 35 ’ 35 ’ 

35- 

2062*65 ft. nearly. 

13. 

1*5359 ft. nearly. 

262*6 ft. nearly. 

15. 

32142*9 ft. nearly. 

38197*2 ft. nearly. 
1105*8 miles. 

17. 

19*1' nearly. 


XXXVI. (Page 182.) 

12. 5;53°8'. 13. ^/2;-45° U. s/5;-26°34'. 

XXXVII. (Pages 188, 189.) 


4. 

1*4142...; -2 

• 

5. 1*366...; - 

-2*3094.... 

6. 

45® and 135®. 

7. 

120® and 240®. 

8. 

135° and 315° 

9. 

150® and 330®. 

10. 

150® and 210®. 

11. 

210® and 330®. 

12. 

sin 17®. 

13. 

- cot 24®. 

14. 

008 33®. 

15. 

- cos 28®. 

16. 

cot 25®. 

17. 

cos 30®. 

18. 

cot 26®. 

19. 

- cosec 23®. 

20. 

- cosec 36°. 

21. 

negative. 

22. 

positive. 

23. 

zero. 

24. 

positive. 

25. 

positive. 

26. 

positive. 

27. 

negative. 

28. 

1 , -,J2 -1 , 

v/3 ^/3 = VS 




XXXVm. (Page 198.) 



1. 



2. njr-( 

-ir- 

TT 

3’ 

3. 

7nr+(-l)"^. 


4. 2nfl* ± 

27r 

~3‘ 


5. 

2;i9r ^ rr. 

b 

6. 

27t7r± ~. 

4 

7. 

T 

"’■+3- 

8. 

Sir 

UTT + -T- . 

4 

9. 

TT 

nT + • . 

4 

10. 

2nir^ 

11. 

+ 

1 

• 

12. 

TT 

nTTig. 

13. 

T 

14. 

TT 

HTTig. 

15. 

7iir±a. 

16. 

IT 

UTT^ 7# 

4 

17. 

w 

«7r±g. 

18. 

(2n + l)»-+ J. 

4 

19. 

^ TT 

2n,-g. 


20. (1) eO'^and 120®; (2) 120® and 240°; ( 3 ) 30® and 210®. 



ANSWEJiS. 


XI 


XXXIX. (Page 200.) 


1. n7r+(-l)"g, 

3. nT + (-l)"g. 


2. 2nir±^. 


4. COBtf = 


2 


5. nT+(-l)"~ or (Arts, 68, 69). 


10 

6. fl=2i»r±?. 

et a 2 t 5 t 

8. 0=nir + -|-ornir+-g- 

10. 0=n7r±j, 


7, fl=7ijr+f or7»ir+f. 

4 3 

9, tan^= - or 

a b 

11. 6^2mr or 2«jr-t- v* 

4 


12. 

, T 

n.±-. 

CO 

njT or 2«x ± ^ . 

0 

14, 

2nT±^ or 2n»±^. 

0 b 

15. 

sin 0= 

- 1 
lor-^. 

• 

CD 

6 20* 

17. 

nir 

T 

(2u + l)x 

10 * 

18. 

q (2R+l)ir 

2njr or . 

5 

19. 

2rx 2r7r 

- or -♦ 

m-n m+n 

20. 

(2n + ^)^or2„:r-^. 

21. 

2nw or 

2nx 

9 * 

22. 

+ 2) „. + n “■■(='■- 

2/ m~n 



23. 


24. 


).^v 

25. 

nir / . . 

T*V 1+ 16-- 

26. 


• ■ 

27. 

(n + i)|±?. 

28. 

(n+J 


29. 

nv a ‘tr 

y 3‘ 30. n»-=*=g- 

31. 


32. 


f2= ^=( 

n\ IT . IT 

• 

CO 

CO 

i[(6».-4n);rd=5=p^j. 

1 [(6« - 

• 4m)x± 


34. 

1 5 

8 " 8* 






TUlGOXOJfETRY. 


XU 


1 . 

3. 

5. 

6 . 

8 . 





14. 

16. 

18. 

20 . 



23. 

24. 


(Pages 203, 204.) 




1 \ TT 

"■^ 2)2 


or 2«7r. 




V 


or vir + {- !)« ^ 


2>i7r 

- 3 - 


(«+^)7ror(2«-|)^. 


rnr 

3 


• (-s)i 


O ^ 2ir 
or 2/tir± 

o 


"I ('‘* 5 )'- 9- + 

n7r+( -l)"^ or nB- + (-l)»»T or 
(«+i)= or (n + i) = . 


10 


nv nir ir 


^'■"-or( 2 r+l) 


m + n 


friTT or 


m —71 


. 2nir ir , r 

13. 


15. (2r+l) 


7/i ± »t 


mir / 1\ IT 

-= or ( m+ = ) •. 

n-1 2/n 


17. I 


; i - 1 ) ■ 




W7r+g+(-l)"-. 


ir 


19. 2nir+j. 


IT 


21 . 2nv+^d:A. 


- 21® 48' + ». 180® + ( - li** [68°12']. 
2rt. 180°+78058'; 2n. 180° + 270 I 8 '. 
n. 1800 + 46®; n.l80® + 26®34'. 


25. 2«TOr2nT + 


2 t 

8 





ANSWERS. 

* • • 

XUl 

CD 

2mr or 2 »jr + ^. 


27. Sjjn- + 5 or 2 ji 7 r - 5 . 

^ o 

28. 



29. WIT. 

30. 

. ^ =^4Vj-i 

sm9=_ g- . 


31. 008 9-''”-?. 

4 

32. 

, TT TT 

flTTi s or tlTT + - . 

o 2 


33. + 

34. 

V 

7l7r± -7 . 

4 


35. nir+ j. 

4 

36. 

. Titt , rr 

9=-^ or LTig; 

also $=:nv^ 

A 

where co 8 a= 5 . 

37. 



38. 


(Pa^es 209, 210.) 


14, 


iv/sS^. 

15« 16« 


17. 

1 

4* 

19. f. 

20 . ^/3 

or -(2 + V3). 

V3. or 2-.^3. 

22 . 

23. 13. 



XLTT. (Page 

214.) 


•00204. 

2. -00007. 


3. -00029. 

-99999. 

5. 25783-10077. 

6 . 1 - 0000011 . 

34'23". 

8 . 28®40'37" 

9. 89'42". 

2® 33'44". 

11. 114-59.., 

. inches. 
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